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Classical vs Quantum Mechanics

Classical Mechanics Quantum Mechanics

A0 = R[p, q], pq − qp = 0, Aℏ = C(ℏ)⟨p̂, q̂⟩⧸⟨p̂q̂ − q̂p̂ + iℏ⟩

∂tq = p, ∂tp = F (q) = −U ′(q) ∂t q̂ = p̂, ∂t p̂ = F (q̂)

H = 1
2 p2 + U(q), ∂t(H) = 0, Ĥ = 1

2 p̂2 + U(q̂), ∂t(Ĥ) = 0,

{q, p} = 1, [q̂, p̂] = iℏ,

∂tq = {q,H}, ∂tp = {p,H}, ∂t q̂ = i
ℏ [Ĥ, q̂], ∂t p̂ = i

ℏ [Ĥ, p̂],

∂ta = {a,H}, ∂t â = i
ℏ [H, â].

Real valued functions p, q,H ←→ Hermitian operators p̂, q̂, Ĥ



Canonical and deformation quantisation

1. Canonical quantisation:

qi → q̂i = qi , pi → p̂i = pi − iℏ ∂

∂qi
, [q̂i , p̂j ] = iℏδij .

2. Deformation quantisation (deformation of the multiplication):

f · g −→ f ⋆ g = f · g + ℏB1(f , g) + ℏ2B2(f , g) + · · ·

f ⋆ g − g ⋆ f = iℏ{f , g}+O(ℏ2).

i{f , g} = B1(f , g)− B1(g, f ).

Issues:
▶ Canonical transformations – a choice of canonical variables.
▶ Associativity of the deformed non-commutative multiplication.
▶ Consistency of the algebra with the equations of motion for finite ℏ.
▶ Ordering of operators in the Hamiltonian and other observables.

Uncharted territories:
▶ Quantisation of systems admitting a multi-Hamiltonian structure.
▶ Can we define a non-deformation quantisation?



Free Associative Dynamics

Free Associative Algebra A = C⟨q, p⟩:
As a linear space the algebra A has a basis of monomials

Mon(A) = {pi1 q j1 pi2 q j2 · · · pim q jm | ik , jk ∈ Z≥0}.

The number of monomials of a degree n = i1 + j1 + · · ·+ im + jm is 2n.

A dynamical system on A is a derivation of A = C⟨p, q⟩

∂t : A 7→ A, ∂t(a b) = ∂t(a) b + a ∂t(b), ∀ a, b ∈ A.

Derivation ∂t is defined by its action on the generators:

∂tq = A(p, q), ∂tp = B(p, q) A(p, q),B(p, q) ∈ A.



Example: Let ∂tq = p, ∂tp = 3q2, (*). There are two types of “first
integrals”
▶ Ĥ = p · q − q · p

Ĥt = pt · q + p · qt − qt · p − q · pt = 3q2 · q + p · p − p · p − q · 3q2 = 0.
▶ The Hamiltonian of the classical system H1 = 1

2 p2 − q3 is not a
constant of motion

∂t(H1) = 1
2 (ṗp + pṗ)− (q̇q2 + qq̇q + q2q̇)

= 1
2 (pq2 − 2qpq + q2p)

= 1
2 [pq, q] + 1

2 [q, qp] ̸= 0, ∂t(H) ∈ SpanC[A,A].

The system admits infinitely many algebraically independent “first
integrals” Hk ∈ A⧸SpanC[A,A], such that ∂t(Hk ) ∈ SpanC[A,A].

H2 = pqpq − p2q2, H3 = pqpq2 − p2q3 − H2
1 , . . .

▶ Nonabelian Newton’s equation (*) admits infinitely many higher
symmetries (derivations commuting with ∂t):

∂t5 q = q2p − 2qpq + pq2,

∂t5 p = −qp2 + 2pqp − p2q;

∂t7 q = 2pq3 − p3 + 2q3p − q2pq − qpq2,

∂t7 p = −2q2p2 + qpqp − 2qp2q + pq2p + pqpq − 2p2q2 + 6q5; · · ·



Problem of quantisation, quantisation ideals

Fact: Any finitely generated associative algebra can be realised as a
quotient of a free algebra A over an appropriate two sided ideal J.

In Algebraic Quantisation, the problem of quantisation of a free associative
dynamical system (i.e. a derivation ∂t : A 7→ A) can be formulated as:

To find a two sided ideal J ⊂ A such that
A. ∂t(J) ⊆ J ⇔ the derivation ∂t induces a derivation of the quotient

algebra A⧸J.
B. The quotient algebra A⧸J has an additive basis of normally ordered

monomials. In other words, we know how to change the order of any
two variables.

An ideal J satisfying the conditions A, B is called a quantisation ideal and
the corresponding quotient algebra A⧸J a quantised algebra.



Triangular ideals

Let A = C⟨x1, . . . , xn⟩ be a free associative C algebra equipped with a
lexicographic ordering of variables xi ≻ xj and monomials xjxi ≻ xixj ; i > j .
It has the additive basis of monomials

Mon(A) =
{

xα1
i1

xα2
i2

. . . xαm
im | n ≥ i1, i2, . . . , im ≥ 1, αk ≥ 0

}
Let J = ⟨fi,j | 1 ≤ i < j ≤ n⟩ be an ideal in A where

fi,j = xixj − ωi,jxjxi + gi,j , gi,j ∈ A, Lm(gi,j) ≺ xjxi ≺ xixj , ωi,j ̸= 0.

ωi,kωj,k gi,jxk − xk gi,j + ωj,k xjgi,k − ωi,jgi,k xj + gj,k xi − ωi,jωi,k xigj,k = 0.

Then in the quotient A⧸J there is a monomial basis of ordered monomials

Mon(A⧸J) =
{

xα1
i1

xα2
i2

. . . xαm
im | n ≥ i1 > i2 > . . . > im ≥ 1, αk ≥ 0

}
Algebra A⧸J has Poincaré–Birkhoff–Witt basis of normally ordered
monomials (V.Levandovskyy 2005) and thus satisfies the condition (B).

Sklyanin’s quadratic algebra is PBW, but the ideal is not triangular.

Graded Superalgebras can be fit in the above scheme, but they are not of
PBW type.

Problem: To give a classification of PBW ideals.



Periodic Volterra chains

Volterra system on the free algebra A = C⟨un; n ∈ Z⟩.

∂t1 un = un+1un − unun−1, n ∈ Z. (1)

Periodic closures of the chains uk+M = uk with period M
result in nonabelian systems on AM = C⟨u1, . . . , uM⟩.

Let M = 3:
u1,t2 = u2u1 − u1u3,
u2,t2 = u3u2 − u2u1,
u3,t2 = u1u3 − u3u2

It has an obvious constant of motion H = u1 + u2 + u3.

It has infinitely many commuting symmetries:

u1,t3 = u2
1u3 + u1u3u2 + u1u2

3 − u2u2
1 − u2

2u1 − u3u2u1,

u1,t4 = u3
1u3 + u2

1u3u2 + u2
1u2

3 + u1u2u1u3 + u1u3u1u3 + u1u3u2
2

+u1u3u2u3 + u1u2
3u2 + u1u3

3 − u2u3
1 − u2u1u2u1 − u2u1u3u1

−u2
2u2

1 − u3
2u1 − u2u3u2u1 − u3u2u2

1 − u3u2
2u1 − u2

3u2u1, . . . .



Quantisation of the periodic Volterra chains

For periodic Volterra systems with period M we consider triangular ideals

IM = ⟨uqup − ωp,qupuq −
M∑

r=1

σr
p,qur − ηp,q ; 1 ≤ q < p ≤ M, ωp,q ̸= 0⟩.

Proposition
Nonabelian periodical Volterra chain with period M admits
JM–quantisation iff

M = 3 : unun+1 = αun+1un + β(u + u1 + u2) + η, n ∈ Z3;
M = 4 : u1u2 = αu2u1 + βu2 + γu1 − βγ,

u1u3 = u3u1 − βu2 + βu4,
u4u1 = αu1u4 + βu4 + γu1 − βγ,
u2u3 = αu3u2 + βu2 + γu3 − βγ,
u2u4 = u4u2 − γu3 + γu1,
u3u4 = αu4u3 + βu4 + γu3 − βγ;

M ≥ 5 : un+1un = αunun+1,
unum = umun, |n −m| > 1, n,m ∈ ZM ,

where the constants α, β, γ, η ∈ C, α ̸= 0 are arbitrary.
Infinite Volterra hierarchy admits quantisation

un+1un = αunun+1, unum = umun, |n −m| > 1, n,m ∈ Z.



Bi-Hamiltonian structure of the 3–periodic Volterra chain

Classical commutative case:

u1,t = u2u1 − u1u3, H1 = u1 + u2 + u3,
u2,t = u3u2 − u2u1, H2 = u1u2u3,
u3,t = u1u3 − u3u2, {un+1, un} = µun+1un + ν, n ∈ Z3,

{un+1, un}µ = un+1un, {un+1, un}ν = −1,
{uk ,H2}µ = 0 {uk ,H1}ν = 0
uk,t = {uk ,H1}µ, uk,t = {uk ,H2}ν , .



Let Jθ,ℏ = ⟨q−1unun+1 − qun+1un − iθ ; n ∈ Z3, q = eiℏ⟩.
Algebra A(θ,ℏ) = A3⧸Jθ,ℏ has a central element

H(θ, ℏ) = sin(ℏ)H2 + θ(2 + cos(2ℏ))H1,

where the self-adjoint elements

H1 = u1 + u2 + u3,

H2 =
∑
σ∈Σ3

uσ(1)uσ(2)uσ(3)

= 3(q2 + 1)u3u2u1 + iθ
(
(2q + q−1)(u1 + u3)− (q + 2q−1)u2

)
are first integrals for the quantum Volterra system

(un)t1 = q(un+1un − unun−1), n ∈ Z3.

Moreover, it can be represented in the Heisenberg form

(un)t1 =
i

2 sin ℏ
[H1, un] = −

i
2θ(2 + cos(2ℏ))

[H2, un].



With two quotient algebras A(θ,0) and A(0,ℏ) we associate the bi-quantum
structure (a quantum deformation of the bi-Hamiltonian structure) as
follows:

parameters θ ̸= 0, q = 1 θ = 0, q = eiℏ

commutation relations [un, un+1] = iθ unun+1 = q2un+1un, n ∈ Z3

central element H1 = u1 + u2 + u3 H2 = qu3u2u1

the Heisenberg form (un)t1 = − i
θ
[H2, un] (un)t1 =

i
2 sin ℏ

[H1, un]



Quantisation of the periodic Volterra cubic sysmmetry

The M–periodic cubic Volterra’s symmetry:

∂t2 un = un+2un+1un+u2
n+1un+un+1u2

n−u2
nun−1−unu2

n−1−unun−1un−2, n ∈ ZM

▶ In the case M = 3 the quantisation ideal is generated by relations:

unun+1 = αun+1un + β(u1 + u2 + u3) + η, n ∈ Z3

▶ For odd M ≥ 5 the quantisation ideal is generated by relations

un+1un = αunun+1, unum = umun, |n −m| > 1, n,m ∈ ZM

▶ For even M ≥ 6 and for the infinite system there are two quantisations

1. un+1un = αunun+1, unum = umun, |n − m| > 1, n,m ∈ ZM ;

2. unun+1 = (−1)nωun+1un, unum + umun = 0 if |n − m| ⩾ 2, n,m ∈ ZM



Non-deformation quantisation of Volterra cubic symmetry

The M = 4 periodical reduction of the cubic Volterra symmetry (n ∈ Z4):

∂t2 un = un+2un+1un + u2
n+1un + un+1u2

n − u2
nun+3 − unun+3un+2 − unu2

n+3

Theorem. The above nonabelian system admits a quantisation with the
ideal of the form

J = ⟨uiuj − ωi,jujui ; 1 ⩽ i < j ⩽ 4⟩

iff the six constants ωi,j ̸= 0 take values as in one of four cases:

ω1,2 ω1,3 ω2,3 ω1,4 ω2,4 ω3,4

(a) : ω, 1, ω, ω−1, 1, ω;
(b) : ω, −1, −ω, −ω−1, −1, ω;
(c) : −ω, −1, ω, −ω−1, 1, ω;
(d) : −ω, 1, −ω, ω−1, −1, ω.

Moreover, in each of four cases the quantised system is a super-integrable
quantum system.



Non-deformation quantisation

The quantisation (b) ideal Jb is generated by:

uu1 = ωu1u, uu2 = −u2u, uu3 = −ωu3u,
u1u2 = −ωu2u1, u1u3 = −u3u1, u2u3 = ωu3u2.

The algebra A4⧸Jb has three central elements (Ĥ2 = Ĥ1Ĥ2):

Ĥ = u3u2u1u, Ĥ1 = u2
3u2

1 , Ĥ2 = u2
2u2.

The dynamical system on A4⧸Jb admits three first integrals

H = u + u1 + u2 + u3, H1 = u3u1, H2 = u2u .

H2 =
∑
n∈Z4

(u2
n + unun+1 + un+1un), [H2,H1] = [H2,H2] = [H1,H2] = 0.

On A4⧸Jb the quantum Volterra system can be written as

un,t3 = 1
ω2−1 [H

2, un]

= un+2un+1un + u2
n+1un + un+1u2

n − u2
nun+3 − unun+3un+2 − unu2

n+3, n ∈ Z4.



Deformations of non-commutative algebra and Poisson algebra

Let ω = 1 + ν and ν → 0, then A/Jb → A0 = A/J0
b

in A/Jb : ab = (a, b)0+ν(a, b)1+· · · , [a, b] = {a, b}0+ν{a, b}1+ν2{a, b}2+· · ·

Jb → J0
b = ⟨uu1−u1u, uu2+u2u, uu3+u3u, u1u2+u2u1, u1u3+u3u1, u2u3−u3u2⟩

H2 = H0 + νH1, H0 ∈ Z (A0), H1 ∈ A0

Let
H = (H0,H1 + Z (A0)) ∈ Π(A0) := Z (A0)⊕ (A0⧸Z (A0))

then
1
ν
[H2, a]→ ∂H(a) = {H0, a}+ [H1, a], ∂H : A0 7→ A0.

Moreover

∂H(∂G(a))− ∂G(∂H(a)) = ∂{H,G}(a), H,G ∈ Π(A0).

Π(A0) is a commutative Poisson algebra. Explicit formulas for × and the
Poisson brackets are given by: for (a, a1), (b, b1) ∈ Π(A0)

(a, a1)× (b, b1) =
(

ab, ab1 + a1b + (a, b)1

)
,

{
(a, a1), (b, b1)

}
=

(
{a, b}1 , {a, b}2 + {a1, b}1 + {a, b1}1 + [a1, b1]

)
.



Bi-Hamiltonan structure of the Toda hierarchy

Toda lattice:

d2xk

dt2
1

= exk+1−xk − exk−xk−1 , k ∈ Z (or k ∈ ZN)

In variables

bk = (xk )t1 , ak = exk+1−xk , H1 =
∑

bk ,

(bk )t1 = ak − ak−1, (ak )t1 = bk+1ak − ak bk , H2 =
∑ 1

2 b2
k + ak ,

{ak , bk}1 = ak , {bk+1, ak}1 = ak , {•,H1}1 = 0

{ak , bk}2 = bk ak , {bk+1, ak}2 = ak bk+1,
{bk+1, bk}2 = ak , {ak+1, ak}2 = ak ak+1;

(bk )t1 = {bk ,H2}1 = {bk ,H1}2 = ak − ak−1,
(ak )t1 = {ak ,H2}1 = {ak ,H1}2 = bk+1ak − ak bk

(bk )t2 = {bk ,H3}1 = {bk ,H2}2 = ak bk − bk ak−1 − ak−1bk−1 + bk+1ak

(ak )t2 = {ak ,H3}1 = {ak ,H2}2 = ak+1ak − ak ak−1 + b2
k+1ak − ak b2

k

{•, •}λ,µ = λ{•, •}1 + µ{•, •}2.



Bi-quantisation of the Toda lattice

In the quantum case we assume variables a, b to be self adjoint, then

∂ta = eiℏ(b1a− ab), bt = a− a−1.

and the ∂t–stable, S and † invariant ideal Iθ,ℏ is generated by polynomials:

bnbn+1 − bn+1bn − 2i sin(ℏ) an, bnbm − bmbn, |n −m| ̸= 1,
e−iℏanan+1 − eiℏan+1an, anam − aman, |n −m| ̸= 1,
e−iℏbnan − eiℏanbn − iθan, anbm − bman, m − n ̸= 0, 1,
e−iℏanbn+1 − eiℏbn+1an − iθan.

(2)

It depends on two real parameters θ, ℏ.
Commuting self-adjoint first integrals:

H1 =
∑
n∈Z

bn,

H2 =
1
2

∑
n∈Z

(b2
n + 2an + [bn+1, bn]),

H3 =
1
3

∑
n∈Z

(b3
n + 2an(bn + bn+1) + (bn + bn+1)an + [b2

n, bn+1] + [bnbn+1, bn+1]).



Bi-quantisation of the Toda system

Classical 1 Quantum Iθ,0

{ak , bk}1 = ak , [ak , bk ]θ = iθak ,
{bk+1, ak}1 = ak , [bk+1, ak ]θ = iθak ,

Classical 2 Quantum I0,ℏ

{ak , bk}2 = bk ak , bk ak = e2iℏak bk ,

{bk+1, ak}2 = ak bk+1, ak bk+1 = e2iℏbk+1ak ,
{bk+1, bk}2 = ak , [bk , bk+1] = 2i sin(ℏ)ak ,

{ak+1, ak}2 = ak ak+1, ak ak+1 = e2iℏak+1ak .

{H1, •}1 = 0 [H1, •]θ = 0,

∂t1(•) =
i

2 sin ℏ
[H1, •]ℏ, ∂t1(•) =

i
θ
[H2, •]θ,

∂t2(•) =
i

sin(2ℏ)
[H2, •]ℏ, ∂t2(•) =

i
θ
[H3, •]θ, · · · .



Bi-quantum structure of the Toda hierarchy

Multi quantum structure and quantum analogue of the Lenard-Magri
scheme?

What about quantisation of Toda on algebras A(2)
n , B(1)

n , D(2)
n , D(3)

4 , ...?



Non-deformation quantisation of the Toda hierarchy

∂t2 a = eiℏ(a1a−aa−1)+b1ab1−bab, ∂t2 b = eiℏ(ab−a−1b−1 +b1a−ba−1)

Proposition
The ideal Ĵ generated by the following set of commutation relations

bnbn+1 + bn+1bn = 2 cos(ℏ) an, bnbm + bmbn = 0, |n −m| ̸= 1,
e−iℏanan+1 = eiℏan+1an, anam − aman = 0, |n −m| ̸= 1,

e−iℏbnan = eiℏanbn, anbm − bman = 0, m − n ̸= 0, 1,
e−iℏanbn+1 = eiℏbn+1an.

(3)
is stable with respect to the derivation ∂t2 .




	Outline
	Classical, Quantum and Free Associative Mechanics
	Classical, Quantum Mechanics
	Canonical and deformation quantisation
	Free Associative dynamics
	Problem of quantisation, quantisation ideals
	Triangular ideals

	Periodic Volterra chains
	Quantisation of the periodic Volterra chains
	Bi-Hamiltonian structure of the 3–periodic Volterra chain
	Quantisation of the periodic Volterra cubic sysmmetry
	Non-deformation quantisation of Volterra cubic symmetry
	Non-deformation quantisation and corresponding Poisson algebra 

	Bi-quantisation of Toda system
	Bi-Hamiltonan structure of the Toda hierarchy
	Bi-quantum structure of the Toda hierarchy
	Non-deformation quantisation of the Toda hierarchy


