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Classical vs Quantum Mechanics

Classical Mechanics

2o =R[p,q], pg—qgp =0,
oq=p, op=F(q) =-U(q)
H=3p* + U(q), &(H)=0,
{a.p} =1,

oq ={q,H}, op = {p, H},

oia = {a, H},

Quantum Mechanics

A = C(R)(P, )/ (PG — b+ ih)

Real valued functions p, g, H +— Hermitian operators p, §, H



Canonical and deformation quantisation

1. Canonical quantisation:

N o .0 R ,
Qi — qi = qi, Pi — Pi = Pi — /h?, (91, B] = ihdj.
qi

2. Deformation quantisation (deformation of the multiplication):

f-g — fxg=">F-g+hBi(f,g) +Bs(f,g) +---
fxg—gx*f=Iin{f,g}+ OH).
i{f,9} = Bi(f,9) — Bi(9,1).

Issues:

» Canonical transformations — a choice of canonical variables.

» Associativity of the deformed non-commutative multiplication.

> Consistency of the algebra with the equations of motion for finite A.

» Ordering of operators in the Hamiltonian and other observables.
Uncharted territories:

» Quantisation of systems admitting a multi-Hamiltonian structure.

» Can we define a non-deformation quantisation?



Free Associative Dynamics

Free Associative Algebra 2 = C(q, p):
As a linear space the algebra 2 has a basis of monomials

Mon(20) = {p" ¢ p? ¢ --- pP"q" | ik, jx € Z>0}.
The number of monomials of a degree N =iy + ji + -+ - + im + jm is 2".
A dynamical system on 2 is a derivation of 2l = C{p, q)
O A — 2, o(ab) =0i(a)b+aoi(b), VYabe
Derivation 0 is defined by its action on the generators:

g = A(p, q), op=B(p,q) Alp,q),B(p,q) €A



Example: Let 819 = p, p = 3¢°, (*). There are two types of “first
integrals”

»H=p-q-q-p

Hi=pi-q+p-g—q-p—q-p=3¢°-q+p-p—p-p—q-3¢° =0.
» The Hamiltonian of the classical system Hy = %pz —g®isnot a
constant of motion

o(H) = 3(pp+ ppP) — (49° + 999 + ¢°Q)
= 3(pg” — 2gpq + ¢°p)

= 3[pg,q] + 319, qp] # 0, (H) € Spanc[2A, .
The system admits infinitely many algebraically independent “first
integrals” Hx € 2,/Spanc[2, ], such that d¢(Hx) € Span[2, A].

Hz = papq — p°q°, Hs = papq” — p°q° — H;, ...
> Nonabelian Newton’s equation (*) admits infinitely many higher
symmetries (derivations commuting with ;):

959 = q°p — 2qpq + pg’,
Osp = —qp° + 2pqp — P°q;

0,9 = 2pq° — p° +2¢°p — 9°pq — qpq’,
Oyp = —29°p* + gpgp — 2qp°q + pg°p + papq — 2p°q° + 6q°; - - -



Problem of quantisation, quantisation ideals

Fact: Any finitely generated associative algebra can be realised as a
quotient of a free algebra 2l over an appropriate two sided ideal J.

In Algebraic Quantisation, the problem of quantisation of a free associative
dynamical system (i.e. a derivation J; : 2 — 2) can be formulated as:

To find a two sided ideal J C 2 such that

A. 9(3) €3 < the derivation J; induces a derivation of the quotient
algebra 2 /3.

B. The quotient algebra 2(/J has an additive basis of normally ordered
monomials. In other words, we know how to change the order of any
two variables.

An ideal J satisfying the conditions A, B is called a quantisation ideal and
the corresponding quotient algebra 2 /J a quantised algebra.



Triangular ideals

Let 2 = C(x1,..., Xn) be a free associative C algebra equipped with a
lexicographic ordering of variables X; > X; and monomials X;X; > X;Xj; i > j.
It has the additive basis of monomials

Mon(2t) = {x,j‘1x,§2...x,f;m 10>t iy im > 1, k> o}
Let 3 = (fij|1 <i<j<n)be an ideal in 2 where
fij = XX — wijXXi + Gijy - 9ij € A LM(Gi)) < XiXi < XX, wij # 0.
Wi kW) kGi,jXk — XkQij + WjkXiGi.k — wijQikXj + Gj.kXi — wijwikXigjk = 0.
Then in the quotient 2 /J there is a monomial basis of ordered monomials
Mon(/3) = {x,f“xgz...x,‘fnm|n2 h>b>...>m>1, ax > 0}

Algebra 213 has Poincaré-Birkhoff-Witt basis of normally ordered
monomials (V.Levandovskyy 2005) and thus satisfies the condition (B).
Sklyanin’s quadratic algebra is PBW, but the ideal is not triangular.

Graded Superalgebras can be fit in the above scheme, but they are not of
PBW type.

Problem: To give a classification of PBW ideals.



Periodic Volterra chains

Volterra system on the free algebra A = C(un; n € Z).

Ot Un = Unq1Up — Upln_1, nez. (1)
Periodic closures of the chains Uk, y = Uk with period M
result in nonabelian systems on A = C(u, ..., uy).
Let M = 3:
Uiy, = U2l — U1 Us,
Uz, = Usl2 — U2Un,
Ust, = U1lUs — UslU2

It has an obvious constant of motion H = uy + Us + Us.
It has infinitely many commuting symmetries:

2 2 2
U = UZUs + UnUglp + U1 U5 — UpUZ — UBUY — UslipUy,

= Bus + LUzl + UPUE + UyUplh Us + Uy Usy Us + Uy U U2

+ U UslaUs + Uy UB Uz + Ui US — UpUS — Up Uy Uy — Unly Uslh
2 2 2

—UBUZ — LSt — UpUsliply — Usllpli? — UsUBUy — USUp Uy, . .. .

A



Quantisation of the periodic Volterra chains

For periodic Volterra systems with period M we consider triangular ideals
M
jM = <Uqu — Wp,quUq - ZU;;,qUF —Mp,q s 1 S q < p S Ma Wp,q ;é 0>

r=1

Proposition
Nonabelian periodical Volterra chain with period M admits
Jm—quantisation iff

M=3: Unlpy1 = QUnptUn + B(U+ Ut + k) + 1, N E Zs;
M=4: wu=alu + LU+ U — B,

UrUs = Uzl — Bz + B,

Usly = i Ug + Bus + yur — B,

Upls = ozl + B + yUz — B,

UpUs = Uslp — yUs + v,

Usls = allalz + By + yus — B;
M>5: Up1Up = alnlpyq,

UnUm = UmUn, |n—m|>1, n,m € Zy,

where the constants «, 8,v,n € C, a # 0 are arbitrary.
Infinite Volterra hierarchy admits quantisation

Unt1Un = alnplUns1, UnUm = Upln, |n—m| > 1, n,me Z.



Bi-Hamiltonian structure of the 3—periodic Volterra chain

Classical commutative case:

Uyt = Uply — Uy U3, Hi = ur + U2 + us,

Uzt = Uslp — UaUt, He = uiuaus,

Ust = UiUs — Uslz, {Unt1,Un} = plny1Un+v, NE Zs,
{Uni1, Un}y = Uny1ln,  {Uny1, Un}y = —1,

{Uk, Hz2},, =0 {Uk, Hi}, =0

Ukt = {uk, Hi },, Ukt = {uk, Ho}o, .



Let Jo,n = (§ 'Unlns1 — QUn1Un — 10 ; N € Zs, q = €").
Algebra ((0:7) = A3, Jo,r has a central element

H(0, h) = sin(h)Ha + 6(2 + cos(2h))Hy,

where the self-adjoint elements

Hy = u+u+ us,
H = Z Us (1) Us (2) Uy (3)
oEX3

= 3(¢° + Nuatiets +i0 (29 + g )(us + us) = (G +29 e )
are first integrals for the quantum Volterra system
(Un)t, = q(Uns1Un — UnUn—1), ne Zs.

Moreover, it can be represented in the Heisenberg form

o7 [, un] = i )[H2,Un]~

(Un) 25|n h T 26(2 1 cos(2h)



With two quotient algebras A% and A" we associate the bi-quantum
structure (a quantum deformation of the bi-Hamiltonian structure) as

follows:

parameters
commutation relations

central element

the Heisenberg form

0+#£0, g=1 0=0, g=¢"

[Un, Unp1] = i6 UnlUny1 = qun+1 Un, NEZ3
Hi=u + U2+ us Ho = qustauy

() = —lHe ] () = 5o [Fh, i)



Quantisation of the periodic Volterra cubic sysmmetry

The M-periodic cubic Volterra’s symmetry:

2 2 2 2
Ot Un = Unj2Uny1Un~+Unpy1Un+Unp1Up—UpUn_1—UpUp_1 —UpUn_1Un_2, NE Zy

» In the case M = 3 the quantisation ideal is generated by relations:
UnlUnit = QUnptln + B(U1 + U2 + U3) + 1, NE Z3
» For odd M > 5 the quantisation ideal is generated by relations
Uni1Un = QUnplUntt,  Unlm = UmUn, |[Nn—m|>1, n.me Zy
» For even M > 6 and for the infinite system there are two quantisations

1. Upy1Un = alnUniy, UpUm = UmUp, |[n—m| >1, n,me Zy;
2. UpUpy1 = (—1)"wlpiq1Un, UnUm+UmUn =0 if [n—m| >2, nmeZy



Non-deformation quantisation of Volterra cubic symmetry

The M = 4 periodical reduction of the cubic Volterra symmetry (n € Zs4):
2 2 2 2
atz un = Un+2Un+1 Un + Un+1 Un + Un+1 u, — Up Un+3 - unun+3 Un+2 - Unun+3

Theorem. The above nonabelian system admits a quantisation with the
ideal of the form

J= (U,‘Uj—w,',jU/'U,'; 1<i<j< 4>

iff the six constants w;; # 0 take values as in one of four cases:

Wiz W13 w23 wWi4 W24 W34
(a): w, 1, w, wt, 1, w;
(b) : w, -1, —w, —w ' -, w;
(c): —w, -1, w, —w’, 1, w;
(d) : —w, 1, —w, w1, w.

Moreover, in each of four cases the quantised system is a super-integrable
quantum system.



Non-deformation quantisation

The quantisation (b) ideal Jp is generated by:

uun = wu u, uu> = —UU, uus = —wusu,
Uil = —wl Uy, uius = —uzl, UolUs = wlUslUs.

The algebra 204,/Jp has three central elements (I:I2 = I:I1 I:Iz):

H = ususunu, Ay = w22, o = U3

The dynamical system on A4, Jp admits three first integrals
H=u+u + u + us, Hy = wsuy, H> = wpu.

H? = (U3 + Unlngt + Unprn),  [H2, Hi] = [H?, Ho] = [Hy, Ha] = 0.

NEZLy

On A4 /Jp the quantum Volterra system can be written as

Unty = ﬁ[sz Un]

2 2 2 2
= Upy2Uni1Un + Upy 1 Un + Unp1Up — UplUnys — UpUny3Uny2 — Unlp,s, N E Za.



Deformations of non-commutative algebra and Poisson algebra

Let w=1+v and v — 0, then A/Jp — Ao = Q[/Jg
in A/Jp: ab=(a b)o+v(a b)i+--, [ab]={a blo+r{a b}i+1°{a bla+---

~ ~0
Jb — Jp = (UUy—U U, UUz+Up U, UU3+UsU, Ut Up+Up U1, Ut Us+Us Uy, Up Uz — U3 U)
2
H> =Ho+vHi, HoeZ(o), HieU

Let

H = (Ho, H1 + Z(2o)) € M(Ao) := Z(Ao) & (™o, Z(Uo))
then ’

;[Hz,a] — ou(a) = {Ho,al + [H1,a], On : Ao+ Ao.
Moreover

h(%6(a)) — 0a(On(a)) = Omey(a),  H,G e N(2o).

M(Ao) is a commutative Poisson algebra. Explicit formulas for x and the
Poisson brackets are given by: for (&, ar), (b, bi) € MN(2o)

(a,a7) x (b,by) = (ab, ab, + aib + (a, b)1) ,

{(a@). (b))} = ({a b}, . {a bl, + {&, b}, +{a bi}, + [a, 1] -



Bi-Hamiltonan structure of the Toda hierarchy

Toda lattice:

o X1 — Xk Xk —Xk—1
5> =€ —€ , ke Z (or k €Zn)
d:
In variables

b = (Xi)t;» ay = ekt 7%, Hi = 3" by,
(bk)y = ax — ak—1, (@)t = brs1ak — abx, Ho =3 36k + ak,
{ak, bk }1 = ax, {bx+1, a1 = ax, {e,Hi}1 =0
{ak, bx}2 = brax, {bk+1, ak}2 = akbr1,
{bks1, bk }2 = ax, {@k11, 8k }2 = akaky1;

(bk)ty = {bk, Ho}1 = {bk, H1}2 = ax — ax—1,
(ak)ty, = {ak, He}1 = {ak, Hi}2 = bry1ak — akbx

(bx)t, = {bk, Ha}1 = {bk, Ho}2 = akbx — bxak—1 — ak—1bxk—1 + bry1ak
(@), = {ak, Hs}1 = {ak, Ha}o = akp18k — @kak—1 + b, 18k — abf

{.7 .}A»# = )‘{.7 .}1 + N{.7 .}2'



Bi-quantisation of the Toda lattice

In the quantum case we assume variables a, b to be self adjoint, then
oa=ée"(bha—ab), b=a—a..

and the Or—stable, S and T invariant ideal Jp 5 is generated by polynomials:

bnbn+1 — bn+1 bn — 2,s|n(h) an, bnbm — bmbn, |n — m| # 17
e"_hanan+1 —_elhanﬂ an, an@m — dmdn, |n - m| #1, (2)
e "bpa, — e"apbn — i9an, anbm — bman, m—n#0,1,

e Mapbpit — €"bpp1an — ifan.

It depends on two real parameters 6, h.
Commuting self-adjoint first integrals:

Hi = > b,

nez
1
Ho = 5D (b2 + 20+ [boi, b)),
neZ
1
Ho = 3 3 (6% +2a0(bn + buct) + (bo+ bri)an + 68, buc] + [Brbaer, b)),

nez



Bi-quantisation of the Toda system

Classical 1 Quantum Jg o
{a, bk} = ax, la, bklo = i0ax,
{bk+1, a1 = ax, [bk11, aklo = ifax,
Classical 2 Quantum Jg 5,
{ax, bx}2 = byax, brax = e2ihakbk7
{bis1, akte = abit,  akbkir = €"brirax,
{bks1, bk }2 = ax, [bx, bx+1] = 2’5'“(h)ak,
{@k+1, 8k }e = ka1, a1 = e ak+1ak-
{H1,0}1 =0 [Hh.]G =0,
i
8Y1(.) = 25|nh[H17.]ﬁ, a1‘1(') = E[HZa.]Ga

0u(8) = iz lber ol 0u() = jlHbelo.--

i
sin(2Ah



Bi-quantum structure of the Toda hierarchy

Multi quantum structure and quantum analogue of the Lenard-Magri

scheme?

Lenard's recursion

X Recursion operator R
Fl(l) ) I— R M _______ R >
r{p\ / \ / do 7

To be developed
P H2 I

What about quantisation of Toda on algebras Af,z), Bf,”, Df,z), D‘(13)’ .7



Non-deformation quantisation of the Toda hierarchy

o,a=€"(aja—aa_1)+biab; —bab, d,b=e"(ab—a 1b_1+bja—ba_+)

Proposition
The ideal 3 generated by the following set of commutation relations

Bubnst + bosibn = 2cos(h) an, Bubm + bmbn =0, [n—m| #1,
e Mapanys = eMappian, anam — aman = 0, [n—m| #1,
e Mbpa, = e€"anby, anbm — bman = 0, m—n#0,1,
e "abpy = €"buiian.
(3)

is stable with respect to the derivation O,.



Free associative

~. Quantised dynamical

dynamical system

A classical dynamical system

Free associative

A Hamiltonian dynamical system
on a hon-commutative algebra

~. Quantised dynamical

dynamical system

ﬁ:".-.-u..-uu

A classical dynamical system

< system

A Hamiltonian dynamical system
on a non-commutative algebra
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