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Ãåíåðè÷åñêèå ìíîæåñòâà

Îïðåäåëåíèå

Ïóñòü I � âñå âõîäû, In � âñå âõîäû ðàçìåðà n.
Àñèìïòîòè÷åñêàÿ ïëîòíîñòü ìíîæåñòâà S ⊆ I

ρ(S) = lim
n→∞

ρn = lim
n→∞

|S ∩ In|
|In|

.

Îïðåäåëåíèå

Ìíîæåñòâî âõîäîâ S ⊆ I íàçûâàåòñÿ

ãåíåðè÷åñêèì åñëè ρ(S) = 1,

ïðåíåáðåæèìûì åñëè ρ(S) = 0,

ñèëüíî ãåíåðè÷åñêèì åñëè ïîñëåäîâàòåëüíîñòü ρn
ýêñïîíåíöèàëüíî áûñòðî ñòðåìèòñÿ ê 1,

ñèëüíî ïðåíåáðåæèìûì, åñëè ρn ýêñïîíåíöèàëüíî

áûñòðî ñòðåìèòñÿ ê 0.
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Ãåíåðè÷åñêèå àëãîðèòìû

Îïðåäåëåíèå

Àëãîðèòì A ñ ìíîæåñòâîì âõîäîâ I è ìíîæåñòâîì âûõîäîâ

J ∪ {?} (? /∈ J) íàçûâàåòñÿ (ñèëüíî) ãåíåðè÷åñêèì, åñëè

1 A îñòàíàâëèâàåòñÿ íà âñåõ âõîäàõ èç I,

2 ìíîæåñòâî BH(A) = {x ∈ I : A(x) =?} (ñèëüíî)
ïðåíåáðåæèìî.

Îïðåäåëåíèå

Ãåíåðè÷åñêèé àëãîðèòì A âû÷èñëÿåò ôóíêöèþ f : I → J , åñëè
äëÿ âñåõ x ∈ I A(x) = y ∈ J ⇒ f(x) = y.
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Ìíîæåñòâî A ⊆ I ãåíåðè÷åñêè (ñèëüíî) ðàçðåøèìî, åñëè
ñóùåñòâóåò (ñèëüíî) ãåíåðè÷åñêèé àëãîðèòì, âû÷èñëÿþùèé
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Ñâåæèå ðåçóëüòàòû

1 Ïðîáëåìà î ðþêçàêå äëÿ ìàòðè÷íûõ ïîëóãðóïï

2 Ïðîáëåìà èçâëå÷åíèÿ êîðíÿ ïî ïðîñòîìó ìîäóëþ

3 Ïðîáëåìà êëàñòåðèçàöèè ãðàôà ñ îãðàíè÷åíèÿìè íà

ðàçìåðû êëàñòåðîâ

4 Ïðîáëåìà ôàêòîðèçàöèè öåëûõ ÷èñåë
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Ïðîáëåìà î ðþêçàêå â ïîëóãðóïïàõ

Ìÿñíèêîâ, Íèêîëàåâ è Óøàêîâ â 2015 ãîäó ñôîðìóëèðîâàëè

àíàëîã êëàññè÷åñêîé ïðîáëåìû î ðþêçàêå äëÿ ïðîèçâîëüíûõ

(ïîëó) ãðóïï. Ïóñòü S � ïîëóãðóïïà.

Ïðîáëåìà î ðþêçàêå â S

Ïóñòü äàíû ýëåìåíòû (a1, a2, . . . , an, a) èç S. Îïðåäåëèòü,
ñóùåñòâóþò ëè ñòåïåíè ε1, ε2, . . . , εn ∈ N∪ {0} òàêèå, ÷òî èìååò
ìåñòî

aε11 aε22 . . . aεnn = a.

Ëåììà

Ïðîáëåìà î ðþêçàêå â ïîëóãðóïïàõ öåëî÷èñëåííûõ ìàòðèö

ïîðÿäêà áîëüøå 1 ÿâëÿåòñÿ NP-ïîëíîé.
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Ìîíîèä SL(2, ω)

ω � íàòóðàëüíûå ÷èñëà ñ 0.

Ìîíîèä SL(2, ω) � ìíîæåñòâî ìàòðèö ïîðÿäêà 2 ñ

ýëåìåíòàìè èç ω è îïðåäåëèòåëåì 1.

Ðàçìåð ìàòðèöû M ∈ SL(2, ω) åñòü ìàêñèìóì äëèí

äâîè÷íîé çàïèñè ýëåìåíòîâ.

Âî âõîäå (M1, . . . ,Mn,M) ðàçìåðà n âñå Mi èìåþò ðàçìåð

≤ n, à M èìååò ðàçìåð ≤ n2.
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Âî âõîäå (M1, . . . ,Mn,M) ðàçìåðà n âñå Mi èìåþò ðàçìåð

≤ n, à M èìååò ðàçìåð ≤ n2.

Àëåêñàíäð Ðûáàëîâ Î ãåíåðè÷åñêîé ñëîæíîñòè íåêîòîðûõ àëãîðèòìè÷åñêèõ ïðîáëåì



Ìîíîèä SL(2, ω)

ω � íàòóðàëüíûå ÷èñëà ñ 0.

Ìîíîèä SL(2, ω) � ìíîæåñòâî ìàòðèö ïîðÿäêà 2 ñ

ýëåìåíòàìè èç ω è îïðåäåëèòåëåì 1.

Ðàçìåð ìàòðèöû M ∈ SL(2, ω) åñòü ìàêñèìóì äëèí

äâîè÷íîé çàïèñè ýëåìåíòîâ.

Âî âõîäå (M1, . . . ,Mn,M) ðàçìåðà n âñå Mi èìåþò ðàçìåð

≤ n, à M èìååò ðàçìåð ≤ n2.

Àëåêñàíäð Ðûáàëîâ Î ãåíåðè÷åñêîé ñëîæíîñòè íåêîòîðûõ àëãîðèòìè÷åñêèõ ïðîáëåì



Ìîíîèä SL(2, ω)

ω � íàòóðàëüíûå ÷èñëà ñ 0.

Ìîíîèä SL(2, ω) � ìíîæåñòâî ìàòðèö ïîðÿäêà 2 ñ

ýëåìåíòàìè èç ω è îïðåäåëèòåëåì 1.

Ðàçìåð ìàòðèöû M ∈ SL(2, ω) åñòü ìàêñèìóì äëèí

äâîè÷íîé çàïèñè ýëåìåíòîâ.

Âî âõîäå (M1, . . . ,Mn,M) ðàçìåðà n âñå Mi èìåþò ðàçìåð

≤ n, à M èìååò ðàçìåð ≤ n2.

Àëåêñàíäð Ðûáàëîâ Î ãåíåðè÷åñêîé ñëîæíîñòè íåêîòîðûõ àëãîðèòìè÷åñêèõ ïðîáëåì



Ñòðóêòóðà SL(2, ω)

Òåîðåìà (Íèëüñåí, 1924)

SL(2, ω) � ñâîáîäíûé ìîíîèä ñ ïîðîæäàþùèìè:

A =

(
1 1
0 1

)
, B =

(
1 0
1 1

)
.

Íàéòè ñëîâàðíîå ïðåäñòàâëåíèå ìàòðèöû M =

(
a b
c d

)
ìîæíî

ñ ïîìîùüþ âû÷èòàòåëüíîãî àëãîðèòìà Åâêëèäà:

A−1M =

(
a− c b− d
c d

)
, B−1M =

(
a b

c− a d− b

)
.

M → M1 → M2 → . . . → Mt = E.

Àëåêñàíäð Ðûáàëîâ Î ãåíåðè÷åñêîé ñëîæíîñòè íåêîòîðûõ àëãîðèòìè÷åñêèõ ïðîáëåì



Ñòðóêòóðà SL(2, ω)

Òåîðåìà (Íèëüñåí, 1924)

SL(2, ω) � ñâîáîäíûé ìîíîèä ñ ïîðîæäàþùèìè:

A =

(
1 1
0 1

)
, B =

(
1 0
1 1

)
.

Íàéòè ñëîâàðíîå ïðåäñòàâëåíèå ìàòðèöû M =

(
a b
c d

)
ìîæíî

ñ ïîìîùüþ âû÷èòàòåëüíîãî àëãîðèòìà Åâêëèäà:

A−1M =

(
a− c b− d
c d

)
, B−1M =

(
a b

c− a d− b

)
.

M → M1 → M2 → . . . → Mt = E.

Àëåêñàíäð Ðûáàëîâ Î ãåíåðè÷åñêîé ñëîæíîñòè íåêîòîðûõ àëãîðèòìè÷åñêèõ ïðîáëåì



Ñëîâàðíîå ïðåäñòàâëåíèå äëÿ ïî÷òè âñåõ ìàòðèö

Ëåììà

Ìíîæåñòâî ìàòðèö M ∈ SL(2, ω) òàêèõ, ÷òî èõ ñëîâàðíîå
ïðåäñòàâëåíèå ≤ size(M)2, ÿâëÿåòñÿ ãåíåðè÷åñêèì.

Òåîðåìà (Êíóò, ßî, 1975)

Ïóñòü t(m,n) åñòü ÷èñëî øàãîâ âû÷èòàòåëüíîãî àëãîðèòìà
Åâêëèäà íà âõîäå (m,n). Òîãäà∑

m≤n

t(m,n) =
6

π
n(log n)2 +O(n log n(log log n)2).

Àëåêñàíäð Ðûáàëîâ Î ãåíåðè÷åñêîé ñëîæíîñòè íåêîòîðûõ àëãîðèòìè÷åñêèõ ïðîáëåì



Ñëîâàðíîå ïðåäñòàâëåíèå äëÿ ïî÷òè âñåõ ìàòðèö

Ëåììà

Ìíîæåñòâî ìàòðèö M ∈ SL(2, ω) òàêèõ, ÷òî èõ ñëîâàðíîå
ïðåäñòàâëåíèå ≤ size(M)2, ÿâëÿåòñÿ ãåíåðè÷åñêèì.

Òåîðåìà (Êíóò, ßî, 1975)

Ïóñòü t(m,n) åñòü ÷èñëî øàãîâ âû÷èòàòåëüíîãî àëãîðèòìà
Åâêëèäà íà âõîäå (m,n). Òîãäà∑

m≤n

t(m,n) =
6

π
n(log n)2 +O(n log n(log log n)2).

Àëåêñàíäð Ðûáàëîâ Î ãåíåðè÷åñêîé ñëîæíîñòè íåêîòîðûõ àëãîðèòìè÷åñêèõ ïðîáëåì



Ïðîáëåìà î ðþêçàêå íàä SL(2, ω)

Òåîðåìà

Ïðîáëåìà î ðþêçàêå íàä SL(2, ω) ãåíåðè÷åñêè ïîëèíîìèàëüíî

ðàçðåøèìà.

Èäåÿ: äèíàìè÷åñêîå ïðîãðàììèðîâàíèå!

Àëåêñàíäð Ðûáàëîâ Î ãåíåðè÷åñêîé ñëîæíîñòè íåêîòîðûõ àëãîðèòìè÷åñêèõ ïðîáëåì



Ïðîáëåìà î ðþêçàêå íàä SL(2, ω)

Òåîðåìà

Ïðîáëåìà î ðþêçàêå íàä SL(2, ω) ãåíåðè÷åñêè ïîëèíîìèàëüíî

ðàçðåøèìà.

Èäåÿ: äèíàìè÷åñêîå ïðîãðàììèðîâàíèå!

Àëåêñàíäð Ðûáàëîâ Î ãåíåðè÷åñêîé ñëîæíîñòè íåêîòîðûõ àëãîðèòìè÷åñêèõ ïðîáëåì



Ïðîáëåìà èçâëå÷åíèÿ êâàäðàòíîãî êîðíÿ ïî ïðîñòîìó

ìîäóëþ

Ïðîáëåìà

Çàäàíû ïðîñòîå ÷èñëî p è íàòóðàëüíîå ÷èñëî a < p â äâîè÷íîì
âèäå. Íàéòè òàêîå íàòóðàëüíîå x < p, ÷òî x2 = a mod p, åñëè
îíî ñóùåñòâóåò.

Îòêðûòûé âîïðîñ (Àäëåìàí, ÌàêÊàðëè, 1994)

Ñóùåñòâóåò ëè ïîëèíîìèàëüíûé àëãîðèòì äëÿ ðåøåíèÿ ýòîé

ïðîáëåìû?

Àëåêñàíäð Ðûáàëîâ Î ãåíåðè÷åñêîé ñëîæíîñòè íåêîòîðûõ àëãîðèòìè÷åñêèõ ïðîáëåì



Ïðîáëåìà èçâëå÷åíèÿ êâàäðàòíîãî êîðíÿ ïî ïðîñòîìó

ìîäóëþ

Ïðîáëåìà

Çàäàíû ïðîñòîå ÷èñëî p è íàòóðàëüíîå ÷èñëî a < p â äâîè÷íîì
âèäå. Íàéòè òàêîå íàòóðàëüíîå x < p, ÷òî x2 = a mod p, åñëè
îíî ñóùåñòâóåò.

Îòêðûòûé âîïðîñ (Àäëåìàí, ÌàêÊàðëè, 1994)

Ñóùåñòâóåò ëè ïîëèíîìèàëüíûé àëãîðèòì äëÿ ðåøåíèÿ ýòîé

ïðîáëåìû?

Àëåêñàíäð Ðûáàëîâ Î ãåíåðè÷åñêîé ñëîæíîñòè íåêîòîðûõ àëãîðèòìè÷åñêèõ ïðîáëåì



Ïðîáëåìà èçâëå÷åíèÿ êâàäðàòíîãî êîðíÿ ïî ïðîñòîìó

ìîäóëþ

Îïðåäåëåíèå

Íàòóðàëüíîå ÷èñëî a < p íàçûâàåòñÿ êâàäðàòè÷íûì âû÷åòîì
ïî ìîäóëþ p, åñëè ñóùåñòâóåò íàòóðàëüíîå x < p òàêîå, ÷òî
x2 = a mod p. Èíà÷å ýòî êâàäðàòè÷íûé íåâû÷åò.

Èçâåñòíûé ôàêò

Ñðåäè ÷èñåë {1, 2, . . . , p− 1} ïîëîâèíà � êâàäðàòè÷íûå âû÷åòû,
ïîëîâèíà � íåâû÷åòû.

Òåîðåìà (Ýéëåð)

Ïóñòü p � íå÷åòíîå ïðîñòîå ÷èñëî. Íàòóðàëüíîå ÷èñëî a
ÿâëÿåòñÿ êâàäðàòè÷íûì âû÷åòîì ïî ìîäóëþ p òîãäà è òîëüêî

òîãäà, êîãäà

a(p−1)/2 = 1 ( mod p).

Àëåêñàíäð Ðûáàëîâ Î ãåíåðè÷åñêîé ñëîæíîñòè íåêîòîðûõ àëãîðèòìè÷åñêèõ ïðîáëåì



Ïðîáëåìà èçâëå÷åíèÿ êâàäðàòíîãî êîðíÿ ïî ïðîñòîìó

ìîäóëþ

Îïðåäåëåíèå

Íàòóðàëüíîå ÷èñëî a < p íàçûâàåòñÿ êâàäðàòè÷íûì âû÷åòîì
ïî ìîäóëþ p, åñëè ñóùåñòâóåò íàòóðàëüíîå x < p òàêîå, ÷òî
x2 = a mod p. Èíà÷å ýòî êâàäðàòè÷íûé íåâû÷åò.

Èçâåñòíûé ôàêò

Ñðåäè ÷èñåë {1, 2, . . . , p− 1} ïîëîâèíà � êâàäðàòè÷íûå âû÷åòû,
ïîëîâèíà � íåâû÷åòû.

Òåîðåìà (Ýéëåð)

Ïóñòü p � íå÷åòíîå ïðîñòîå ÷èñëî. Íàòóðàëüíîå ÷èñëî a
ÿâëÿåòñÿ êâàäðàòè÷íûì âû÷åòîì ïî ìîäóëþ p òîãäà è òîëüêî

òîãäà, êîãäà

a(p−1)/2 = 1 ( mod p).

Àëåêñàíäð Ðûáàëîâ Î ãåíåðè÷åñêîé ñëîæíîñòè íåêîòîðûõ àëãîðèòìè÷åñêèõ ïðîáëåì



Ïðîáëåìà èçâëå÷åíèÿ êâàäðàòíîãî êîðíÿ ïî ïðîñòîìó

ìîäóëþ

Îïðåäåëåíèå

Íàòóðàëüíîå ÷èñëî a < p íàçûâàåòñÿ êâàäðàòè÷íûì âû÷åòîì
ïî ìîäóëþ p, åñëè ñóùåñòâóåò íàòóðàëüíîå x < p òàêîå, ÷òî
x2 = a mod p. Èíà÷å ýòî êâàäðàòè÷íûé íåâû÷åò.

Èçâåñòíûé ôàêò

Ñðåäè ÷èñåë {1, 2, . . . , p− 1} ïîëîâèíà � êâàäðàòè÷íûå âû÷åòû,
ïîëîâèíà � íåâû÷åòû.

Òåîðåìà (Ýéëåð)

Ïóñòü p � íå÷åòíîå ïðîñòîå ÷èñëî. Íàòóðàëüíîå ÷èñëî a
ÿâëÿåòñÿ êâàäðàòè÷íûì âû÷åòîì ïî ìîäóëþ p òîãäà è òîëüêî

òîãäà, êîãäà

a(p−1)/2 = 1 ( mod p).

Àëåêñàíäð Ðûáàëîâ Î ãåíåðè÷åñêîé ñëîæíîñòè íåêîòîðûõ àëãîðèòìè÷åñêèõ ïðîáëåì



Ïðîáëåìà èçâëå÷åíèÿ êâàäðàòíîãî êîðíÿ ïî ïðîñòîìó

ìîäóëþ

Àëãîðèòì (×èïîëëà, 1904)

1 Âõîä: (p, a) è êâàäðàòè÷íûé íåâû÷åò b.

2 Êâàäðàòíûé êîðåíü ïîëó÷àåòñÿ ïóòåì âû÷èñëåíèÿ ïî

ôîðìóëå x =
(
a+

√
b
)(p+1)/2

â ïîëå Fp2 = Fp(
√
b) �

êâàäðàòè÷íîì ðàñøèðåíèè ïîëÿ Fp.

Ïðîáëåìà

Êàê áûñòðî íàéòè êâàäðàòè÷íûé íåâû÷åò?

Ïóñòü η(p) � íàèìåíüøèé êâàäðàòè÷íûé íåâû÷åò ïî ìîäóëþ p.

Òåîðåìà (Àíêåíè, 1952)

Â ïðåäïîëîæåíèè èñòèííîñòè ðàñøèðåííîé ãèïîòåçû Ðèìàíà,

ñóùåñòâóåò êîíñòàíòà C òàêàÿ, ÷òî äëÿ ëþáîãî ïðîñòîãî p
èìååò ìåñòî η(p) < C(log p)2.

Àëåêñàíäð Ðûáàëîâ Î ãåíåðè÷åñêîé ñëîæíîñòè íåêîòîðûõ àëãîðèòìè÷åñêèõ ïðîáëåì



Ïðîáëåìà èçâëå÷åíèÿ êâàäðàòíîãî êîðíÿ ïî ïðîñòîìó

ìîäóëþ

Àëãîðèòì (×èïîëëà, 1904)

1 Âõîä: (p, a) è êâàäðàòè÷íûé íåâû÷åò b.

2 Êâàäðàòíûé êîðåíü ïîëó÷àåòñÿ ïóòåì âû÷èñëåíèÿ ïî

ôîðìóëå x =
(
a+

√
b
)(p+1)/2

â ïîëå Fp2 = Fp(
√
b) �

êâàäðàòè÷íîì ðàñøèðåíèè ïîëÿ Fp.

Ïðîáëåìà

Êàê áûñòðî íàéòè êâàäðàòè÷íûé íåâû÷åò?

Ïóñòü η(p) � íàèìåíüøèé êâàäðàòè÷íûé íåâû÷åò ïî ìîäóëþ p.

Òåîðåìà (Àíêåíè, 1952)

Â ïðåäïîëîæåíèè èñòèííîñòè ðàñøèðåííîé ãèïîòåçû Ðèìàíà,

ñóùåñòâóåò êîíñòàíòà C òàêàÿ, ÷òî äëÿ ëþáîãî ïðîñòîãî p
èìååò ìåñòî η(p) < C(log p)2.

Àëåêñàíäð Ðûáàëîâ Î ãåíåðè÷åñêîé ñëîæíîñòè íåêîòîðûõ àëãîðèòìè÷åñêèõ ïðîáëåì



Ïðîáëåìà èçâëå÷åíèÿ êâàäðàòíîãî êîðíÿ ïî ïðîñòîìó

ìîäóëþ

Àëãîðèòì (×èïîëëà, 1904)

1 Âõîä: (p, a) è êâàäðàòè÷íûé íåâû÷åò b.

2 Êâàäðàòíûé êîðåíü ïîëó÷àåòñÿ ïóòåì âû÷èñëåíèÿ ïî

ôîðìóëå x =
(
a+

√
b
)(p+1)/2

â ïîëå Fp2 = Fp(
√
b) �

êâàäðàòè÷íîì ðàñøèðåíèè ïîëÿ Fp.

Ïðîáëåìà

Êàê áûñòðî íàéòè êâàäðàòè÷íûé íåâû÷åò?

Ïóñòü η(p) � íàèìåíüøèé êâàäðàòè÷íûé íåâû÷åò ïî ìîäóëþ p.

Òåîðåìà (Àíêåíè, 1952)

Â ïðåäïîëîæåíèè èñòèííîñòè ðàñøèðåííîé ãèïîòåçû Ðèìàíà,

ñóùåñòâóåò êîíñòàíòà C òàêàÿ, ÷òî äëÿ ëþáîãî ïðîñòîãî p
èìååò ìåñòî η(p) < C(log p)2.

Àëåêñàíäð Ðûáàëîâ Î ãåíåðè÷åñêîé ñëîæíîñòè íåêîòîðûõ àëãîðèòìè÷åñêèõ ïðîáëåì



Ïðîáëåìà èçâëå÷åíèÿ êâàäðàòíîãî êîðíÿ ïî ïðîñòîìó

ìîäóëþ

Àëãîðèòì (×èïîëëà, 1904)

1 Âõîä: (p, a) è êâàäðàòè÷íûé íåâû÷åò b.

2 Êâàäðàòíûé êîðåíü ïîëó÷àåòñÿ ïóòåì âû÷èñëåíèÿ ïî

ôîðìóëå x =
(
a+

√
b
)(p+1)/2

â ïîëå Fp2 = Fp(
√
b) �

êâàäðàòè÷íîì ðàñøèðåíèè ïîëÿ Fp.

Ïðîáëåìà

Êàê áûñòðî íàéòè êâàäðàòè÷íûé íåâû÷åò?

Ïóñòü η(p) � íàèìåíüøèé êâàäðàòè÷íûé íåâû÷åò ïî ìîäóëþ p.

Òåîðåìà (Àíêåíè, 1952)

Â ïðåäïîëîæåíèè èñòèííîñòè ðàñøèðåííîé ãèïîòåçû Ðèìàíà,

ñóùåñòâóåò êîíñòàíòà C òàêàÿ, ÷òî äëÿ ëþáîãî ïðîñòîãî p
èìååò ìåñòî η(p) < C(log p)2.

Àëåêñàíäð Ðûáàëîâ Î ãåíåðè÷åñêîé ñëîæíîñòè íåêîòîðûõ àëãîðèòìè÷åñêèõ ïðîáëåì



Ïðîáëåìà èçâëå÷åíèÿ êâàäðàòíîãî êîðíÿ ïî ïðîñòîìó

ìîäóëþ

Òåîðåìà

Ïðîáëåìà èçâëå÷åíèÿ êâàäðàòíîãî êîðíÿ ïî ïðîñòîìó ìîäóëþ

ãåíåðè÷åñêè ðàçðåøèìà çà ïîëèíîìèàëüíîå âðåìÿ.

Òåîðåìà (Ï.Ýðäåø, 1961)

Ñóùåñòâóåò êîíñòàíòà 3 < C < 4 òàêàÿ, ÷òî

lim
k→∞

∑
p≤k η(p)

π(k)
= C.

Çäåñü ñóììèðîâàíèå áåðåòñÿ ïî ïðîñòûì p.

Àëåêñàíäð Ðûáàëîâ Î ãåíåðè÷åñêîé ñëîæíîñòè íåêîòîðûõ àëãîðèòìè÷åñêèõ ïðîáëåì



Ïðîáëåìà èçâëå÷åíèÿ êâàäðàòíîãî êîðíÿ ïî ïðîñòîìó

ìîäóëþ

Òåîðåìà

Ïðîáëåìà èçâëå÷åíèÿ êâàäðàòíîãî êîðíÿ ïî ïðîñòîìó ìîäóëþ

ãåíåðè÷åñêè ðàçðåøèìà çà ïîëèíîìèàëüíîå âðåìÿ.

Òåîðåìà (Ï.Ýðäåø, 1961)

Ñóùåñòâóåò êîíñòàíòà 3 < C < 4 òàêàÿ, ÷òî

lim
k→∞

∑
p≤k η(p)

π(k)
= C.

Çäåñü ñóììèðîâàíèå áåðåòñÿ ïî ïðîñòûì p.
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Ïðîáëåìà êëàñòåðèçàöèè ãðàôà

Îïðåäåëåíèå

Ãðàô íàçûâàåòñÿ êëàñòåðíûì, åñëè êàæäàÿ åãî ñâÿçíàÿ

êîìïîíåíòà ÿâëÿåòñÿ ïîëíûì ãðàôîì. Îáîçíà÷èì ÷åðåç

M≤p(V ) ìíîæåñòâî âñåõ êëàñòåðíûõ ãðàôîâ íà ìíîæåñòâå
âåðøèí V , ó êîòîðûõ êàæäàÿ êîìïîíåíòà ñâÿçíîñòè èìååò íå

áîëåå p âåðøèí.

Îïðåäåëåíèå

Åñëè G1 = (V,E1) è G2 = (V,E2) � ãðàôû íà îäíîì è òîì æå

ìíîæåñòâå âåðøèí V , òî ðàññòîÿíèå ρ(G1, G2) ìåæäó íèìè
åñòü ÷èñëî íåñîâïàäàþùèõ ð¼áåð â ãðàôàõ G1 è G2.

Ïðîáëåìà p-êëàñòåðèçàöèè ãðàôà

Çàäàí ãðàô G = (V,E). Íàéòè òàêîé ãðàô M∗ ∈ M≤p(V ), ÷òî

ρ(G,M∗) = min
M∈M≤p(V )

ρ(G,M).
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Ïðîáëåìà êëàñòåðèçàöèè ãðàôà

Îïðåäåëåíèå

Ãðàô íàçûâàåòñÿ êëàñòåðíûì, åñëè êàæäàÿ åãî ñâÿçíàÿ

êîìïîíåíòà ÿâëÿåòñÿ ïîëíûì ãðàôîì. Îáîçíà÷èì ÷åðåç

M≤p(V ) ìíîæåñòâî âñåõ êëàñòåðíûõ ãðàôîâ íà ìíîæåñòâå
âåðøèí V , ó êîòîðûõ êàæäàÿ êîìïîíåíòà ñâÿçíîñòè èìååò íå

áîëåå p âåðøèí.

Îïðåäåëåíèå

Åñëè G1 = (V,E1) è G2 = (V,E2) � ãðàôû íà îäíîì è òîì æå

ìíîæåñòâå âåðøèí V , òî ðàññòîÿíèå ρ(G1, G2) ìåæäó íèìè
åñòü ÷èñëî íåñîâïàäàþùèõ ð¼áåð â ãðàôàõ G1 è G2.

Ïðîáëåìà p-êëàñòåðèçàöèè ãðàôà

Çàäàí ãðàô G = (V,E). Íàéòè òàêîé ãðàô M∗ ∈ M≤p(V ), ÷òî

ρ(G,M∗) = min
M∈M≤p(V )

ρ(G,M).
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Ïðîáëåìà êëàñòåðèçàöèè ãðàôà

Îïðåäåëåíèå

Ãðàô íàçûâàåòñÿ êëàñòåðíûì, åñëè êàæäàÿ åãî ñâÿçíàÿ

êîìïîíåíòà ÿâëÿåòñÿ ïîëíûì ãðàôîì. Îáîçíà÷èì ÷åðåç

M≤p(V ) ìíîæåñòâî âñåõ êëàñòåðíûõ ãðàôîâ íà ìíîæåñòâå
âåðøèí V , ó êîòîðûõ êàæäàÿ êîìïîíåíòà ñâÿçíîñòè èìååò íå

áîëåå p âåðøèí.

Îïðåäåëåíèå

Åñëè G1 = (V,E1) è G2 = (V,E2) � ãðàôû íà îäíîì è òîì æå

ìíîæåñòâå âåðøèí V , òî ðàññòîÿíèå ρ(G1, G2) ìåæäó íèìè
åñòü ÷èñëî íåñîâïàäàþùèõ ð¼áåð â ãðàôàõ G1 è G2.

Ïðîáëåìà p-êëàñòåðèçàöèè ãðàôà

Çàäàí ãðàô G = (V,E). Íàéòè òàêîé ãðàô M∗ ∈ M≤p(V ), ÷òî

ρ(G,M∗) = min
M∈M≤p(V )

ρ(G,M).
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Ïðîáëåìà êëàñòåðèçàöèè ãðàôà
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Ïðîáëåìà êëàñòåðèçàöèè ãðàôà

Òåîðåìà (Â.Ï.Èëüåâ, À.À.Íàâðîöêàÿ, 2011)

Ïðîáëåìà p-êëàñòåðèçàöèè ãðàôà ÿâëÿåòñÿ NP-òðóäíîé ïðè

p ≥ 3.

Òåîðåìà

Íå ñóùåñòâóåò ñèëüíî ãåíåðè÷åñêîãî ïîëèíîìèàëüíîãî

àëãîðèòìà äëÿ ðåøåíèÿ ïðîáëåìû p-êëàñòåðèçàöèè ãðàôîâ ïðè

p ≥ 3, åñëè P ̸= NP è P = BPP .
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Ïðîáëåìà êëàñòåðèçàöèè ãðàôà

Òåîðåìà (Â.Ï.Èëüåâ, À.À.Íàâðîöêàÿ, 2011)

Ïðîáëåìà p-êëàñòåðèçàöèè ãðàôà ÿâëÿåòñÿ NP-òðóäíîé ïðè

p ≥ 3.

Òåîðåìà

Íå ñóùåñòâóåò ñèëüíî ãåíåðè÷åñêîãî ïîëèíîìèàëüíîãî

àëãîðèòìà äëÿ ðåøåíèÿ ïðîáëåìû p-êëàñòåðèçàöèè ãðàôîâ ïðè

p ≥ 3, åñëè P ̸= NP è P = BPP .
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Ãåíåðè÷åñêàÿ àìïëèôèêàöèÿ
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Ãåíåðè÷åñêàÿ àìïëèôèêàöèÿ ïðîáëåìû êëàñòåðèçàöèè

ãðàôà
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Ïðîáëåìà ôàêòîðèçàöèè öåëûõ ÷èñåë

Ïðîáëåìà ôàêòîðèçàöèè

Äàíî íàòóðàëüíîå ÷èñëî N , çàïèñàííîå â äâîè÷íîé ñèñòåìå.

Íåîáõîäèìî íàéòè åãî ðàçëîæåíèå â ïðîèçâåäåíèå ñòåïåíåé

ïðîñòûõ ÷èñåë: N = pk11 . . . pkmm .

Îòêðûòûé âîïðîñ

Ñóùåñòâóåò ëè ïîëèíîìèàëüíûé àëãîðèòì äëÿ ðåøåíèÿ

ïðîáëåìû ôàêòîðèçàöèè?

Îòêðûòûé âîïðîñ (Àäëåìàí, ÌàêÊàðëè, 1994)

Ñóùåñòâóåò ëè ãåíåðè÷åñêèé ïîëèíîìèàëüíûé àëãîðèòì äëÿ

ðåøåíèÿ ïðîáëåìû ôàêòîðèçàöèè? Èëè õîòÿ áû

ïîëèíîìèàëüíûé àëãîðèòì, ðåøàþùèé åå íà íåïðåíåáðåæèìîì

ìíîæåñòâå?
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Ïðîáëåìà ôàêòîðèçàöèè öåëûõ ÷èñåë

Ïðîáëåìà ôàêòîðèçàöèè

Äàíî íàòóðàëüíîå ÷èñëî N , çàïèñàííîå â äâîè÷íîé ñèñòåìå.

Íåîáõîäèìî íàéòè åãî ðàçëîæåíèå â ïðîèçâåäåíèå ñòåïåíåé

ïðîñòûõ ÷èñåë: N = pk11 . . . pkmm .

Îòêðûòûé âîïðîñ

Ñóùåñòâóåò ëè ïîëèíîìèàëüíûé àëãîðèòì äëÿ ðåøåíèÿ

ïðîáëåìû ôàêòîðèçàöèè?

Îòêðûòûé âîïðîñ (Àäëåìàí, ÌàêÊàðëè, 1994)

Ñóùåñòâóåò ëè ãåíåðè÷åñêèé ïîëèíîìèàëüíûé àëãîðèòì äëÿ

ðåøåíèÿ ïðîáëåìû ôàêòîðèçàöèè? Èëè õîòÿ áû

ïîëèíîìèàëüíûé àëãîðèòì, ðåøàþùèé åå íà íåïðåíåáðåæèìîì

ìíîæåñòâå?
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Ïðîáëåìà ôàêòîðèçàöèè öåëûõ ÷èñåë

Ïðîáëåìà ôàêòîðèçàöèè

Äàíî íàòóðàëüíîå ÷èñëî N , çàïèñàííîå â äâîè÷íîé ñèñòåìå.

Íåîáõîäèìî íàéòè åãî ðàçëîæåíèå â ïðîèçâåäåíèå ñòåïåíåé

ïðîñòûõ ÷èñåë: N = pk11 . . . pkmm .

Îòêðûòûé âîïðîñ

Ñóùåñòâóåò ëè ïîëèíîìèàëüíûé àëãîðèòì äëÿ ðåøåíèÿ

ïðîáëåìû ôàêòîðèçàöèè?

Îòêðûòûé âîïðîñ (Àäëåìàí, ÌàêÊàðëè, 1994)

Ñóùåñòâóåò ëè ãåíåðè÷åñêèé ïîëèíîìèàëüíûé àëãîðèòì äëÿ

ðåøåíèÿ ïðîáëåìû ôàêòîðèçàöèè? Èëè õîòÿ áû

ïîëèíîìèàëüíûé àëãîðèòì, ðåøàþùèé åå íà íåïðåíåáðåæèìîì

ìíîæåñòâå?
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Ïðîáëåìà ôàêòîðèçàöèè öåëûõ ÷èñåë

Òåîðåìà

Åñëè äëÿ ïðîáëåìû ôàêòîðèçàöèè íå ñóùåñòâóåò

ïîëèíîìèàëüíîãî àëãîðèòìà è P = BPP, òî äëÿ íåå íå

ñóùåñòâóåò ñèëüíî ãåíåðè÷åñêîãî ïîëèíîìèàëüíîãî àëãîðèòìà.

Ëåììà (Èäåÿ àìïëèôèêàöèè)

Ñóùåñòâóåò ïîëèíîìèàëüíûé àëãîðèòì, êîòîðûé äëÿ ëþáûõ

íàòóðàëüíûõ ÷èñåë N , M ïî ðàçëîæåíèþ íà ïðîñòûå

ìíîæèòåëè èõ ïðîèçâåäåíèÿ NM = pk11 . . . pkmm íàõîäèò

ðàçëîæåíèå íà ïðîñòûå ìíîæèòåëè îòäåëüíî äëÿ ÷èñåë N è M .
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Ïðîáëåìà ôàêòîðèçàöèè öåëûõ ÷èñåë

Òåîðåìà

Åñëè äëÿ ïðîáëåìû ôàêòîðèçàöèè íå ñóùåñòâóåò

ïîëèíîìèàëüíîãî àëãîðèòìà è P = BPP, òî äëÿ íåå íå

ñóùåñòâóåò ñèëüíî ãåíåðè÷åñêîãî ïîëèíîìèàëüíîãî àëãîðèòìà.

Ëåììà (Èäåÿ àìïëèôèêàöèè)

Ñóùåñòâóåò ïîëèíîìèàëüíûé àëãîðèòì, êîòîðûé äëÿ ëþáûõ

íàòóðàëüíûõ ÷èñåë N , M ïî ðàçëîæåíèþ íà ïðîñòûå

ìíîæèòåëè èõ ïðîèçâåäåíèÿ NM = pk11 . . . pkmm íàõîäèò

ðàçëîæåíèå íà ïðîñòûå ìíîæèòåëè îòäåëüíî äëÿ ÷èñåë N è M .
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Ñïàñèáî çà âíèìàíèå!

Ñïàñèáî çà âíèìàíèå!

Àëåêñàíäð Ðûáàëîâ Î ãåíåðè÷åñêîé ñëîæíîñòè íåêîòîðûõ àëãîðèòìè÷åñêèõ ïðîáëåì


