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Àêòóàëüíûå ïðèëîæåíèÿ è çàäà÷è ñóáðèìàíîâîé ãåîìåòðèè,
âîçíèêøèå èç ðàçíûõ îáëàñòåé íàóêè:

1) çàäà÷è î ìàøèíàõ ñ ïðèöåïàìè (B. Bryant, F. Jean, J.P. Laumond,
W. Liu and H.J. Sussman, P. Rouchon, M. Fliess è äð.);

2) ïðîáëåìû ïåðåìåùåíèÿ ìàññ (C. Villani, B. Khesin è P. Lee);

3) ðîáîòîòåõíèêà (A. Bloch);

4) òðàåêòîðèè ëåòàòåëüíûõ àïïàðàòîâ (À.À. Àðäåíòîâ,
È.Þ. Áåñ÷àñòíûé, À.Ï. Ìàøòàêîâ, Þ.Ë. Ñà÷êîâ, Â.È. Ãóðìàí è äð.);

5) äâèæåíèå ñàìîïðîïóëüñèðóþùèõ ìèêðîîðãàíèçìîâ è ïàëàþùèõ
êîøåê (R. Montgomery);

6) êâàíòîâîå óïðàâëåíèå (L. Accardi, A. Pechen è I.V. Volovich,
M.D. Grace, J. Dominy è äð.);

7) òåðìîäèíàìèêà ÷åðíûõ äûð (C. Udriste, V. Ciancio, F. Farsaci,
M. Anastaseei, S.I. Vacaru);

8) àñòðîäèíàìèêà (J.K. Whiting);

9) ýêîíîìèêà (D.G. Hobson, L.G. Rogers, A. Pascucci, P. Foschi);

10) íåéðîáèîëîãèÿ (ìàòåìàòè÷åñêèå ìîäåëè ðàáîòû ÷åëîâå÷åñêîãî
ìîçãà) (A. Field, A. Heyes, W.C. Ho�man, J. Petitot è äð.)



M � ãëàäêîå ìíîãîîáðàçèå, ∆ � ãëàäêîå ðàñïðåäåëåíèå íà M :

∆ = {∆q ⊂ TqM | q ∈M}, dim∆q = const.

∆ âïîëíå íåãîëîíîìíî: ∀q ∈M âåêòîðíûå ïîëÿ, ïðèíàäëåæàùèå ∆q,
âìåñòå ñî âñåìè ñâîèìè êîììóòàòîðàìè ïîðîæäàþò TqM .

Çàäàäèì íà ∆ ñêàëÿðíîå ïðîèçâåäåíèå 〈·, ·〉:

〈·, ·〉 = {〈·, ·〉q − ñêàëÿðíîå ïðîèçâåäåíèå â ∆q | q ∈M}.

Ëèïøèöåâà êðèâàÿ g(t), t ∈ [0, t1], íà M ãîðèçîíòàëüíà, åñëè
ġ(t) ∈ ∆g(t) äëÿ ïî÷òè âñåõ t ∈ [0, t1].

Ñóáðèìàíîâà äëèíà ãîðèçîíòàëüíîé êðèâîé g(t), t ∈ [0, t1]:

l(g(·)) =

t1∫
0

√
〈ġ(t), ġ(t)〉dt.

Ñóáðèìàíîâî ðàññòîÿíèå ìåæäó òî÷êàìè p, q ∈M :

d(p, q) = inf{l(g(·)) | g(·)ãîðèçîíòàëüíà , g(0) = p, g(t1) = q}.



M = G � ñâÿçíàÿ ãðóïïà Ëè, g � åå àëãåáðà Ëè,
(∆, 〈·, ·〉) � ëåâîèíâàðèàíòíàÿ ñóáðèìàíîâà ñòðóêòóðà.
Ñóùåñòâóåò ãëîáàëüíûé îðòîíîðìèðîâàííûé ðåïåð
ëåâîèíâàðèàíòíûõ âåêòîðíûõ ïîëåé

X1, . . . , Xk ∈ g, k = dim∆q,

∆q = span(X1(q), . . . , Xk(q)),

〈Xi(q), Xj(q)〉 = δij , i, j = 1, . . . , k, q ∈ G.

Ëèïøèöåâà êðèâàÿ g(t), t ∈ [0, t1], íà M äîïóñòèìà äëÿ ∆, åñëè

ġ(t) =
k∑
i=1

ui(t)Xi(g(t)) äëÿ íåêîòîðûõ óïðàâëåíèé ui ∈ L∞([0, t1]).

Ñóáðèìàíîâà äëèíà äîïóñòèìîé êðèâîé g(t), t ∈ [0, t1]:

l(g(·)) =

t1∫
0

(
k∑
i=1

u2i (t)

)1/2

dt.



Ñóáðèìàíîâà êðàò÷àéøàÿ � ðåøåíèå çàäà÷è îïò. óïðàâëåíèÿ

ġ =

k∑
i=1

uiXi(g), g ∈ G, u ∈ Rk,

g(0) = g0, g(t1) = g1, l(g(·)) =

t1∫
0

(
k∑
i=1

u2i (t)

)1/2

dt→ min.

Ïóñòü Xi(e) := ei, i = 1, . . . , k, � îðòîíîðìèðîâàííûé áàçèñ â
∆(e) ⊂ g, e1, . . . , en � áàçèñ àëãåáðû Ëè g; Cmij � ñòðóêòóðíûå
êîíñòàíòû â áàçèñå e1, . . . , en.

Òåîðåìà. Êàæäàÿ íîðìàëüíàÿ ãåîäåçè÷åñêàÿ ëåâîèíâàðèàíòíîé
ñóáðèìàíîâîé ìåòðèêè íà ãðóïïå Ëè G ñ íà÷àëîì â åäèíèöå,
ïàðàìåòðèçîâàííàÿ äëèíîé äóãè, ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû ÄÓ

ġ(t) = dlg(t)(u(t)), u(t) =

k∑
i=1

ui(t)ei, |u(0)| = 1,

u̇j(t) =

n∑
m=1

k∑
i=1

Cmij ui(t)um(t), j = 1, . . . , n.



Àëãåáðà Ëè so(2, 1)⊕ R

so(2, 1)⊕ R : [E1, E2] = −E3, [E2, E3] = E1, [E3, E1] = E2,

[Ei, E4] = 0, i = 1, 2, 3.

Ïðåäëîæåíèå 1.

Òðåõìåðíîå ïîäïðîñòðàíñòâî q àëãåáðû Ëè g = so(2, 1)⊕ R
ïîðîæäàåò g (îïåðàöèåé ñêîáêè [·, ·]) òîãäà è òîëüêî òîãäà, êîãäà
q 6= s0(2, 1) è ïðîåêöèÿ q íà so(2, 1) âäîëü R íå ÿâëÿåòñÿ äâóìåðíîé
ïîäàëãåáðîé àëãåáðû Ëè so(2, 1). Ñóùåñòâóåò ïÿòü íåýêâèâàëåíòíûõ
êëàññîâ ýêâèâàëåíòíûõ, ò.å. ïåðåâîäèìûõ äðóã â äðóãà
àâòîìîðôèçìîì àëãåáðû g, òàêèõ ïîäïðîñòðàíñòâ.



q1 = span{E1, E4−E3, E2}, q2 = span{E1, E4, E2}, q3 = span{E1, E4, E3},

q4 = span{E1, E4−E2, E3}, q5 = span{E4+(E2−E3)/2, E2+E3, E1}.

so(2, 1) � åäèíñòâåííàÿ òðåõìåðíàÿ àëãåáðà Ëè, îäíîñâÿçíàÿ ãðóïïà
Ëè Ã êîòîðîé íå èìååò ëèíåéíîãî ïðåäñòàâëåíèÿ.

Âñÿêàÿ ñâÿçíàÿ ãðóïïà Ëè ñ àëãåáðîé Ëè so(2, 1) ëèáî èçîìîðôíà
îäíîñâÿçíîé ãðóïïå Ëè Ã, ëèáî åñòü n�ëèñòíîå ïîêðûòèå An
óêîðî÷åííîé ãðóïïû Ëîðåíöà SO0(2, 1), n ≥ 1. Ïðè ýòîì äâóëèñòíîå
ïîêðûòèå A2 èçîìîðôíî ñïåöèàëüíîé ëèíåéíîé ãðóïïå SL(2,R),
÷åòûðåõëèñòíîå ïîêðûòèå A4 èçîìîðôíî ìåòàïëåêòè÷åñêîé ãðóïïå
Mp(2,R).



Ñóùåñòâóåò øåñòü òèïîâ ñâÿçíûõ ãðóïï Ëè G ñ àëãåáðîé Ëè
so(2, 1)⊕ R.

1) îäíîñâÿçíàÿ ãðóïïà Ëè Ã× R;
2) n�ëèñòíûå ïîêðûòèÿ (Ã× R)/ exp(2nπZE3) ∼= An × R ãðóïïû
SO0(2, 1)× R;
3) ãðóïïà (Ã× R)/ exp(ZE4) ∼= Ã× T;
4) n�ëèñòíûå ïîêðûòèÿ (Ã× R)/ exp(nZ(2πE3 + E4)) ãðóïïû Ëè
(Ã× R)/ exp(Z(2πE3 + E4));

5) n�ëèñòíûå ïîêðûòèÿ (Ã× R)/(exp(2nπZE3) exp(ZE4)) ∼= An × T
ãðóïïû Ëè
(Ã× R)/(exp(ZE3) exp(ZE4)) ∼= SO0(2, 1)× T;
6) n2�ëèñòíûå ïîêðûòèÿ (Ã× R)/(exp(nZ(2πE3 + αE4)) exp(nZE4))
ãðóïïû Ëè (Ã× R)/(exp(Z(2πE3 + αE4)) exp(ZE4)).



Òåîðåìà 1.

Ïóñòü çàäàí áàçèñ

e1 = E1, e2 = E4 − E3, e3 = E2, e4 = −E3

àëãåáðû Ëè g = so(2, 1)⊕ g1, D1(e) = span(e1, e2, e3) è íà D1(e)
çàäàíî ñêàëÿðíîå ïðîèçâåäåíèå 〈·, ·〉1 ñ îðòîíîðìèðîâàííûì áàçèñîì
e1, e2, e3. Òîãäà ëåâîèíâàðèàíòíîå ðàñïðåäåëåíèå D1 íà ñâÿçíîé
ãðóïïå Ëè G ñ àëãåáðîé Ëè g âïîëíå íåãîëîíîìíî, è ïàðà
(D1(Id), 〈·, ·〉) îïðåäåëÿåò ëåâîèíâàðèàíòíóþ ñóáðèìàíîâó ìåòðèêó
d1 íà G. Ïðè ýòîì êàæäàÿ ïàðàìåòðèçîâàííàÿ äëèíîé äóãè
ãåîäåçè÷åñêàÿ γ1 = γ1(t), t ∈ R, â (G, d1), óäîâëåòâîðÿþùàÿ óñëîâèþ
γ1(0) = Id, åñòü ïðîèçâåäåíèå äâóõ îäíîïàðàìåòðè÷åñêèõ ïîäãðóïï

γ1(t) = γ1(α1, α2, α3, β; t) = exp(t(α1e1+α2e2+α3e3+βe4)) exp(−tβe4),

ãäå α1, α2, α3, β � íåêîòîðûå âåùåñòâåííûå ïîñòîÿííûå, ïðè÷åì

α2
1 + α2

2 + α2
3 = 1.



Òåîðåìà 2.

Ïóñòü çàäàí áàçèñ

e1 = E1, e2 = E4, e3 = E2, e4 = −E3

àëãåáðû Ëè so(2, 1)⊕ g1, D2(Id) = span(e1, e2, e3) è íà D2(Id) çàäàíî
ñêàëÿðíîå ïðîèçâåäåíèå 〈·, ·〉2 ñ îðòîíîðìèðîâàííûì áàçèñîì
e1, e2, e3. Òîãäà ëåâîèíâàðèàíòíîå ðàñïðåäåëåíèå D2 íà ãðóïïå Ëè G
âïîëíå íåãîëîíîìíî, è ïàðà (D2(Id), 〈·, ·〉2) îïðåäåëÿåò
ëåâîèíâàðèàíòíóþ ñóáðèìàíîâó ìåòðèêó d2 íà G. Ïðè ýòîì êàæäàÿ
ïàðàìåòðèçîâàííàÿ äëèíîé äóãè ãåîäåçè÷åñêàÿ γ2 = γ2(t), t ∈ R, â
(G, d2), óäîâëåòâîðÿþùàÿ óñëîâèþ γ2(0) = Id, åñòü ïðîèçâåäåíèå
äâóõ îäíîïàðàìåòðè÷åñêèõ ïîäãðóïï

γ2(t) = γ2(α1, α2, α3, β; t) = exp(t(α1e1+α2e2+α3e3+βe4)) exp(−tβe4),

ãäå α1, α2, α3, β � íåêîòîðûå ïîñòîÿííûå, ïðè÷åì

α2
1 + α2

2 + α2
3 = 1.



Ïðåäëîæåíèå 1.

Ïóñòü γi(t) = γi(α1, α2, α3, β; t), t ∈ R, � ãåîäåçè÷åñêàÿ â (G, di),
i = 1, 2. Äëÿ ëþáûõ (α1, α2, α3) ∈ S2, β ∈ R è äëÿ êàæäîãî t ∈ R,

γ1(α1, α2, α3, β; t) = γ2(α1, α2, α3, β + α2; t) exp(tα2e4).

Ïðåäëîæåíèå 2.

Äëÿ ëþáûõ β, t ∈ R, γi(0,±1, 0, β; t) = exp(±te2), i = 1, 2. Êàæäàÿ èç
ýòèõ äâóõ îäíîïàðàìåòðè÷åñêèõ ïîäãðóïï � íåñòðîãî àíîðìàëüíàÿ
ýêñòðåìàëü ñóáðèìàíîâà ïðîñòðàíñòâà (G, di).

Ïðåäëîæåíèå 3.

Äëÿ êàæäîãî t0 ∈ R, γi(t0)−1γi(t)

= γi(α1 cosβt0 + α3 sinβt0, α2,−α1 sinβt0 + α3 cosβt0, β; t− t0).



SU(1, 1)× R

SU(1, 1) åñòü ãðóïïà Ëè êîìïëåêñíûõ ìàòðèö âòîðîãî ïîðÿäêà ñ
îïðåäåëèòåëåì 1, ñîõðàíÿþùèõ èíäåôèíèòíóþ ýðìèòîâó ôîðìó
|z1|2 − |z2|2 â C2:

SU(1, 1) =

{
(A,B) :=

(
A B
B A

) ∣∣ A, B ∈ C, |A|2 − |B|2 = 1

}
.

Àëãåáðà Ëè su(1, 1) ãðóïïû Ëè SU(1, 1) åñòü

su(1, 1) =

{(
iX Y
Y −iX

)
| X ∈ R, Y ∈ C

}
, su(1, 1) ∼= so(2, 1).



Ðàññìîòðèì òðèâèàëüíîå àáåëåâî ðàñøèðåíèå SU(1, 1)× R

=

(A,B, v) :=

 A B 0
B A 0
0 0 ev

∣∣A, B ∈ C, |A|2 − |B|2 = 1; v ∈ R

 .

Åå àëãåáðà Ëè su(1, 1)⊕ R èìååò áàçèñ E1, E2, E3, E4:

E1 =

 0 1/2 0
1/2 0 0
0 0 0

 , E2 =

 0 i/2 0
−i/2 0 0

0 0 0

 ,

E3 =

 i/2 0 0
0 −i/2 0
0 0 0

 , E4 =

 1 0 0
0 1 0
0 0 1

 .

ßñíî, ÷òî

[E1, E2] = −E3, [E2, E3] = E1, [E3, E1] = E2, [Ei, E4] = 0, i = 1, 2, 3.



Òåîðåìà 3.

Ïóñòü
m2 = t/2, n2 = 1, åñëè β2 = 1− α2

2,

m2 =
sh

t
√

1−α2
2−β2

2√
1− α2

2 − β2
, n2 = ch

t
√

1− α2
2 − β2

2
, åñëè β2 < 1− α2

2,

m2 =
sin

t
√
β2+α2

2−1
2√

β2 + α2
2 − 1

, n2 = cos
t
√
β2 + α2

2 − 1

2
, åñëè β2 > 1− α2

2.

Ïðè α2 6= ±1 ãåîäåçè÷åñêàÿ γ̃2(t) = γ̃2(α1, α2, α3, β; t) = (A,B, v)(t),

A =

(
n2 cos

βt

2
+ βm2 sin

βt

2

)
+

(
n2 sin

βt

2
− βm2 cos

βt

2

)
i,

B = m2

√
1− α2

2

[
cos

(
βt

2
+ ϕ0

)
− sin

(
βt

2
+ ϕ0

)
i

]
, v = α2t,

cosϕ0 =
α1√

1− α2
2

, sinϕ0 = − α3√
1− α2

2

.

Ïðè α2 = ±1 ãåîäåçè÷åñêàÿ γ̃2(t) = (e, α2t), e � åäèíè÷íàÿ ìàòðèöà.



Òåîðåìà 4.

Ïóñòü
m1 = t/2, n1 = 1, åñëè (α2 + β)2 = 1− α2

2,

m1 =
sh

t
√

1−α2
2−(α2+β)2

2√
1− α2

2 − (α2 + β)2
, n1 = ch

t
√

1− α2
2 − (α2 + β)2

2
,

åñëè (α2 + β)2 < 1− α2
2,

m1 =
sin

t
√

(α2+β)2+α2
2−1

2√
(α2 + β)2 + α2

2 − 1
, n1 = cos

t
√

(α2 + β)2 + α2
2 − 1

2
,

åñëè (α2 + β)2 > 1− α2
2.



Òåîðåìà 4.

Ïðè α2 6= ±1 ãåîäåçè÷åñêàÿ γ̃1(t) = γ̃1(α1, α2, α3, β; t) = (A,B, v)(t)
ñóáðèìàíîâà ïðîñòðàíñòâà (SU(1, 1)× R,d1) çàäàåòñÿ ôîðìóëàìè

A =

(
n1 cos

βt

2
+ (α2 + β)m1 sin

βt

2

)
+

(
n1 sin

βt

2
− (α2 + β)m1 cos

βt

2

)
i,

B = m1

√
1− α2

2

[
cos

(
βt

2
+ ϕ0

)
− sin

(
βt

2
+ ϕ0

)
i

]
, v = α2t,

cosϕ0 =
α1√

1− α2
2

, sinϕ0 = − α3√
1− α2

2

.

Ïðè α2 = ±1 ãåîäåçè÷åñêàÿ γ̃1(t) = (A,B, v)(t) çàäàåòñÿ ôîðìóëàìè

A = e−i(α2t/2), B ≡ 0, v = α2t.



Ìíîæåñòâî ðàçðåçà è ïåðâàÿ êàóñòèêà â SU(1, 1)× R
Ìíîæåñòâî ðàçðåçà (äëÿ òî÷êè Id) ñóáðèìàíîâà ïðîñòðàíñòâà (G, di)
� ìíîæåñòâî Cuti âñåõ êîíöîâ g ∈ G íåïðîäîëæàåìûõ çà g
êðàò÷àéøèõ, ñîåäèíÿþùèõ Id c òî÷êîé g.

Ïóñòü C := S2 × R � ìíîæåñòâî ñåìåéñòâà ïàðàìåòðîâ
λ = (α1, α2, α3, β) ãåîäåçè÷åñêîé γi(t) â (G, di).
Ðàññìîòðèì ýêñïîíåíöèàëüíîå îòîáðàæåíèå Expi : C × R+ → G:

Expi(λ; t) := γi(λ; t), i = 1, 2.

Ìîìåíò âðåìåíè t̂ > 0 � ñîïðÿæåííîå âðåìÿ äëÿ ãåîäåçè÷åñêîé
γi(λ; t) â (G, di), åñëè (λ, t̂) åñòü êðèòè÷åñêàÿ òî÷êà
ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ, ò.å. äèôôåðåíöèàë

(Expi)∗(λ,t̂) : T(λ,t̂)(C × R+)→ TĝiG, ãäå ĝi = Expi(λ, t̂),

âûðîæäåí. Ïåðâîå ñîïðÿæåííîå âðåìÿ âäîëü ãåîäåçè÷åñêîé γi(t) åñòü

t1conj = inf{t > 0 | t− ñîïðÿæåííîå âðåìÿ âäîëü γi(·)}.

Åñëè t1conj > 0, òî γi(t
1
conj) íàçûâàåòñÿ ïåðâîé ñîïðÿæåííîé òî÷êîé.



t1conj = 0 âäîëü íåñòðîãî àíîðìàëüíîé ýêñòðåìàëè γi(t) = exp(±te2).

Ïåðâàÿ êàóñòèêà ñóáðèìàíîâà ïðîñòðàíñòâà (G, di) � ìíîæåñòâî
Conj1i âñåõ ïåðâûõ ñîïðÿæåííûõ òî÷åê ãåîäåçè÷åñêèõ γi(t) ñ íà÷àëîì
γi(0) = Id.

Ïðåäëîæåíèå 4.

Ïóñòü

w1 =
√

(α2 + β)2 + α2
2 − 1, w2 =

√
β2 + α2

2 − 1.

Ìîìåíò âðåìåíè t̂ > 0 � ñîïðÿæåííîå âðåìÿ âäîëü ãåîäåçè÷åñêîé
γ̃i(t) = γ̃i(ϕ0, α2, β; t), t ∈ R, â (SU(1, 1)× R, di), i = 1, 2, òîãäà è
òîëüêî òîãäà, êîãäà wi > 0 è

sin
wit̂

2

(
sin

wit̂

2
− wit̂

2
cos

wit̂

2

)
= 0.



Ñëåäñòâèå 1.

1. Â ñëó÷àå α2 = ±1 èëè α2 6= ±1, w2
i ≤ 0 ãåîäåçè÷åñêèå

γ̃i(α1, α2, α3, β; t) ñóáðèìàíîâà ïðîñòðàíñòâà (SU(1, 1)× R, di) íå
ñîäåðæàò ñîïðÿæåííûõ òî÷åê.

2. n�îå ñîïðÿæåííîå âðåìÿ tnconj âäîëü ãåîäåçè÷åñêîé γ̃i(t), ãäå
α2 6= ±1 è wi > 0, â (SU(1, 1)× R, di), èìååò âèä

t2m−1conj =
2πm

wi
, t2mconj =

2xm
wi

, m ∈ N,

ãäå {x1, x2, . . . } � óïîðÿäî÷åííûå ïî âîçðàñòàíèþ ïîëîæèòåëüíûå
êîðíè óðàâíåíèÿ tgx = x.

3. Ïåðâàÿ êàóñòèêà Conj1i ïðîñòðàíñòâà (SU(1, 1)× R, di) èìååò âèä

Conj1i = {(A,B, v) ∈ SU(1, 1)× R | |A| = 1, B = 0, v ∈ R}.



Ïðåäëîæåíèå 5.

1. Ïðè α2 = ±1 ãåîäåçè÷åñêàÿ γ̃i(t) = exp(tα2e2), t ∈ R, ñóáðèìàíîâà
ïðîñòðàíñòâà (SU(1, 1)× R, di) � ìåòðè÷åñêàÿ ïðÿìàÿ, ò.å. äëÿ
ëþáûõ t0, t1 ∈ R îòðåçîê γ̃i(t), t0 ≤ t ≤ t1, � êðàò÷àéøàÿ.

2. Ãåîäåçè÷åñêàÿ γ̃1(t) = γ̃1(ϕ0, α2,−α2; t), t ∈ R, ñóáðèìàíîâà
ïðîñòðàíñòâà (SU(1, 1)× R, d1) � ìåòðè÷åñêàÿ ïðÿìàÿ.

3. Ãåîäåçè÷åñêàÿ γ̃2(t) = γ̃2(ϕ0, α2, 0; t), t ∈ R, ñóáðèìàíîâà
ïðîñòðàíñòâà (SU(1, 1)× R, d2) � ìåòðè÷åñêàÿ ïðÿìàÿ.

Ïðåäëîæåíèå 6.

Ìíîæåñòâî ðàçðåçà Cut2 â (SU(1, 1)× R, d2), ñîîòâåòñòâóþùåå Id,

åñòü Cut2 = Cutloc2 ∪ Cutglob2 , ãäå

Cutloc2 = {(A,B, v) ∈ SU(1, 1)× R | A 6= 1, B = 0, v ∈ R},

Cutglob2 = {(A,B, v) ∈ SU(1, 1)×R | Re(A) < −1, Im(A) = 0, v ∈ R}.



Ïðåäëîæåíèå 7.

Ïóñòü γ̃1(ϕ0, α2, β; t), 0 ≤ t ≤ T , � íåïðîäîëæàåìàÿ êðàò÷àéøàÿ â
(SU(1, 1)× R, d1). Òîãäà γ̃2(ϕ0, α2, β + α2; t), 0 ≤ t ≤ T , �
íåïðîäîëæàåìàÿ êðàò÷àéøàÿ â (SU(1, 1)× R, d2). Âåðíî è îáðàòíîå.

Ïðåäëîæåíèå 8.

Ìíîæåñòâî ðàçðåçà Cut1 â (SU(1, 1)× R, d1), ñîîòâåòñòâóþùåå Id,

åñòü Cut1 = Cutloc1 ∪ Cutglob1 , ãäå

Cutloc1 = {(A,B, v) ∈ SU(1, 1)× R | A 6= e−iv/2, B = 0, v ∈ R},

Cutglob1 = {(A,B, v) ∈ SU(1, 1)×R | B 6= 0, π−v/2 ∈ Arg(A), v ∈ R},

ãäå Arg(A) � ìíîæåñòâî âñåõ çíà÷åíèé àðãóìåíòà êîìïëåêñíîãî
÷èñëà A.



Òåîðåìà 5. Íåïðîäîëæàåìûå êðàò÷àéøèå â (SU(1, 1)× R,d2)

Ïóñòü α2 6= ±1, β 6= 0 è γ̃2(t) = γ̃2(α1, α2, α3, β; t), 0 ≤ t ≤ T , �
íåïðîäîëæàåìàÿ êðàò÷àéøàÿ â (SU(1, 1)× R, d2). Òîãäà

1. Åñëè |β|√
1−α2

2

≥ 2√
3
, òî T = 2π√

β2+α2
2−1

.

2. Åñëè |β|√
1−α2

2

= 1, òî T ∈
(

2π
|β| ,

3π
|β|

)
è T óäîâëåòâîðÿåò ñèñòåìå

cos
βT

2
=

−2√
4 + β2T 2

, sin
βT

2
=

−βT√
4 + β2T 2

.

3. Åñëè 0 < |β|√
1−α2

2

< 1, òî T ∈
(

2π
|β| ,

3π
|β|

)
è T óäîâëåòâîðÿåò ñèñòåìå

cos kx =
−1√

1 + k2th2x
, sin kx =

−kthx√
1 + k2th2x

,

ãäå k è x îïðåäåëåíû ôîðìóëàìè

k =
|β|√

β2 + α2
2 − 1

> 1, x =
T
√
β2 + α2

2 − 1

2
.



Òåîðåìà 5. Íåïðîäîëæàåìûå êðàò÷àéøèå â (SU(1, 1)× R,d2)

4. Åñëè |β|√
1−α2

2

= 3
2
√
2
, òî T = 3π

|β| .

5. Åñëè 3
2
√
2
< |β|√

1−α2
2

< 2√
3
, òî 3π

|β| < T <
2π
(
|β|+
√
β2+α2

2−1
)

√
1−α2

2

< 4π
|β| è

T óäîâëåòâîðÿåò ñèñòåìå óðàâíåíèé

cos kx =
1√

1 + k2tg2x
, sin kx =

ktgx√
1 + k2tg2x

< 0,

ãäå k è x îïðåäåëåíû ôîðìóëàìè ï. 3.

6. Åñëè 1 < |β|√
1−α2

2

< 3
2
√
2
, òî 2π

|β| <
2π
(
|β|+
√
β2+α2

2−1
)

√
1−α2

2

< T < 3π
|β| è T

óäîâëåòâîðÿåò ñèñòåìå óðàâíåíèé

cos kx =
−1√

1 + k2tg2x
, sin kx =

−ktgx√
1 + k2tg2x

< 0,

ãäå k è x îïðåäåëåíû ôîðìóëàìè ï. 3.



Åñëè γ̃1(α1, α2, α3, β, t), 0 ≤ t ≤ T , � íåïðîäîëæàåìàÿ êðàò÷àéøàÿ â
(SU(1, 1)× R, d1), òî T óäîâëåòâîðÿåò ïï. 1�6 òåîðåìû 5 ïîñëå
çàìåíû β íà β + α2.

Òåîðåìà 6.

Ïóñòü H× R � ñâÿçíàÿ (n+ 1)�ìåðíàÿ ãðóïïà Ëè (ñ åäèíèöåé
Id = (e, 1) è àëãåáðîé Ëè g⊕ g1) ñ ëåâîèíâàðèàíòíîé ñóáðèìàíîâîé
ìåòðèêîé d, ïîðîæäåííîé âïîëíå íåãîëîíîìíûì ðàñïðåäåëåíèåì D ñ

D(Id) = span(e1, . . . , en−1, en+1) ⊂ g⊕ g1,

e1, . . . , en−1 ∈ g, en+1 = 1 ∈ g1,

è çàäàííûì íà D(Id) ñêàëÿðíûì ïðîèçâåäåíèåì ñ
îðòîíîðìèðîâàííûì áàçèñîì e1, . . . , en−1, en+1. Òîãäà äëÿ ëþáîãî
(g, ev) ∈ H× R

d2(Id, (g, ev)) = v2 + d2(Id, (g, 1)).



Ñëåäñòâèå 2.

Äëÿ ëþáîãî (A,B, v) ∈ SU(1, 1)× R âûïîëíåíî

d22(Id, (A,B, v)) = v2 + d22(Id, (A,B, 0)).

Ïðåäëîæåíèå 9.

Äëÿ ëþáîãî (A,B, v) ∈ SU(1, 1)× R

d1(Id, (A,B, v)) = d2(Id, (Aeiv/2, Be−iv/2, v)).



Ãðóïïà Ëè SO0(2, 1)× R

Ïðîñòðàíñòâî-âðåìÿ Ìèíêîâñêîãî Minkn+1, n ≥ 1, � âåêòîðíîå
ïðîñòðàíñòâî Rn+1 ñ ïñåâäîñêàëÿðíûì ïðîèçâåäåíèåì
{(t, x), (s, y)} := −ts+ (x, y). Çäåñü (x, y) = xyT � ñòàíäàðòíîå
ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ x, y ∈ Rn.
Ãðóïïà Ëîðåíöà SO0(n, 1) � êîìïîíåíòà ñâÿçíîñòè åäèíèöû ãðóïïû
P (n, 1) âñåõ ëèíåéíûõ ïñåâäîèçîìåòðè÷åñêèõ, ò.å. ñîõðàíÿþùèõ
ïñåâäîñêàëÿðíîå ïðîèçâåäåíèå {·, ·}, ïðåîáðàçîâàíèé ïðîñòðàíñòâà
Minkn+1. Ãðóïïà Ëè SO0(n, 1) ñîñòîèò èç òåõ ýëåìåíòîâ ãðóïïû
P (n, 1), êîòîðûå îäíîâðåìåííî ñîõðàíÿþò è íàïðàâëåíèå âðåìåíè, è
îðèåíòàöèþ ïðîñòðàíñòâà En,1.

SO0(2, 1) =
{
g ∈ GL(3,R)

∣∣ gTJg = J, J = diag(−1, 1, 1), detg = 1, g11 > 0
}
.

Àëãåáðà Ëè ãðóïïû Ëè SO0(n, 1) åñòü

so(2, 1) =
{
A ∈ gl(3,R)

∣∣ATJ + JA = 0
}
.



Ðàññìîòðèì òðèâèàëüíîå àáåëåâî ðàñøèðåíèå SO0(2, 1)× R

SO0(2, 1)× R =

{
(C, v) :=

(
C 0

0
0 0 ev

)
| C ∈ SO0(2, 1), v ∈ R

}
.

Åå àëãåáðà Ëè so(2, 1)⊕ R èìååò áàçèñ E1, E2, E3, E4:

E1 =


0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

 , E2 =


0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 ,

E3 =


0 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 0

 , E4 =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 .

ßñíî, ÷òî

[E1, E2] = −E3, [E2, E3] = E1, [E3, E1] = E2, [Ei, E4] = 0, i = 1, 2, 3.



Îáîçíà÷èì ρi, i = 1, 2, � ëåâîèíâàðèàíòíàÿ ñóáðèìàíîâà ìåòðèêà íà
SO0(2, 1)× R (ñ åäèíèöåé Id), çàäàâàåìàÿ âïîëíå íåãîëîíîìíûì
ëåâîèíâàðèàíòíûì ðàñïðåäåëåíèåì ∆i ñ ∆i(Id) = span(e1, e2, e3),
ãäå âåêòîðû e1, e2, e3, e4 çàäàíû ôîðìóëàìè

i = 1 : e1 = E1, e2 = E4 − E3, e3 = E2, e4 = −E3;

i = 2 : e1 = E1, e2 = E4, e3 = E2, e4 = −E3.

Íà ∆i(Id) îïðåäåëåíî ñêàëÿðíîå ïðîèçâåäåíèå 〈·, ·〉i, îòíîñèòåëüíî
êîòîðîãî âåêòîðû e1, e2, e3 îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ.



Òåîðåìà 7.

Ïóñòü
µ2 = t, ν2 = t2/2, åñëè β2 = 1− α2

2,

µ2 =
sin(t

√
β2 + α2

2 − 1)√
β2 + α2

2 − 1
, ν2 =

1− cos(t
√
β2 + α2

2 − 1)

β2 + α2
2 − 1

,

åñëè β2 > 1− α2
2,

µ2 =
sh(t

√
1− β2 − α2

2)√
1− β2 − α2

2

, ν2 =
ch(t

√
1− β2 − α2

2)− 1

1− β2 − α2
2

,

åñëè β2 < 1− α2
2.

Ïðè α2 6= ±1 ãåîäåçè÷åñêàÿ ñóáðèìàíîâà ïðîñòðàíñòâà
(SO0(2, 1)× R, ρ2) ðàâíà γ2(α1, α2, α3, β; t) = (C, v)(t), t ∈ R, ãäå
v(t) = α2t è ñòîëáöû Cj(t), j = 1, 2, 3, ìàòðèöû C(t) ∈ SO0(2, 1)
äàíû ôîðìóëàìè



C1(t) =

 1 + ν2(1− α2
2)√

1− α2
2 (µ2 cosϕ0 − βν2 sinϕ0)√

1− α2
2 (µ2 sinϕ0 + βν2 cosϕ0)

 ,

C2(t) =

( √
1− α2

2 (µ2 cos(βt+ ϕ0) + βν2 sin(βt+ ϕ0))

(1− β2ν2) cos βt+ βµ2 sin βt+ (1− α2
2)ν2 cos(βt+ ϕ0) cosϕ0

−(1− β2ν2) sin βt+ βµ2 cos βt+ (1− α2
2)ν2 cos(βt+ ϕ0) sinϕ0

)
,

C3(t) =

( √
1− α2

2 (µ2 sin(βt+ ϕ0)− βν2 cos(βt+ ϕ0))

(1− β2ν2) sin βt− βµ2 cos βt+ (1− α2
2)ν2 sin(βt+ ϕ0) cosϕ0

(1− β2ν2) cos βt+ βµ2 sin βt+ (1− α2
2)ν2 sin(βt+ ϕ0) sinϕ0

)
,

ãäå

α1 =
√

1− α2
2 sinϕ0, α3 =

√
1− α2

2 cosϕ0.

Ïðè α2 = ±1 ãåîäåçè÷åñêàÿ ñóáðèìàíîâà ïðîñòðàíñòâà
(SO0(2, 1)× R, ρ2) ðàâíà γ2(t) = (E, v)(t), t ∈ R, ãäå E � åäèíè÷íàÿ
êâàäðàòíàÿ ìàòðèöà òðåòüåãî ïîðÿäêà, v(t) = α2t.



Òåîðåìà 8.

Ïóñòü
µ1 = t, ν1 = t2/2, åñëè (β + α2)2 = 1− α2

2,

µ1 =
sin(t

√
(β + α2)2 + α2

2 − 1)√
(β + α2)2 + α2

2 − 1
, ν1 =

1− cos(t
√

(β + α2)2 + α2
2 − 1)

(β + α2)2 + α2
2 − 1

,

åñëè (β + α2)2 > 1− α2
2,

µ1 =
sh(t

√
1− (β + α2)2 − α2

2)√
1− (β + α2)2 − α2

2

, ν1 =
ch(t

√
1− (β + α2)2 − α2

2)− 1

1− (β + α2)2 − α2
2

,

åñëè (β + α2)2 < 1− α2
2,

Ïðè α2 6= ±1 ãåîäåçè÷åñêàÿ ñóáðèìàíîâà ïðîñòðàíñòâà
(SO0(2, 1)× R, ρ2) ðàâíà γ2(t) = (C, v)(t), t ∈ R, ãäå v(t) = α2t è
ñòîëáöû Cj(t), j = 1, 2, 3, ìàòðèöû C(t) ∈ SO0(2, 1) äàíû
ôîðìóëàìè



C1(t) =

 1 + ν2(1− α2
2)√

1− α2
2 (µ2 cosϕ0 − βν2 sinϕ0)√

1− α2
2 (µ2 sinϕ0 + βν2 cosϕ0)

 ,

C2(t) =

( √
1 − α2

2 (µ2 cos(βt + ϕ0) + (β + α2)ν2 sin(βt + ϕ0))

(1 − (β + α2)2ν2) cos βt + (β + α2)µ2 sin βt + (1 − α2
2)ν2 cos(βt + ϕ0) cosϕ0

−(1 − (β + α2)2ν2) sin βt + (β + α2)µ2 cos βt + (1 − α2
2)ν2 cos(βt + ϕ0) sinϕ0

)
,

C3(t) =

( √
1 − α2

2 (µ2 sin(βt + ϕ0) − (β + α2)ν2 cos(βt + ϕ0))

(1 − (β + α2)2ν2) sin βt − (β + α2)µ2 cos βt + (1 − α2
2)ν2 sin(βt + ϕ0) cosϕ0

(1 − (β + α2)2ν2) cos βt + (β + α2)µ2 sin βt + (1 − α2
2)ν2 sin(βt + ϕ0) sinϕ0

)
,

ãäå

α1 =
√

1− α2
2 sinϕ0, α3 =

√
1− α2

2 cosϕ0.

Ïðè α2 = ±1 ãåîäåçè÷åñêàÿ ñóáðèìàíîâà ïðîñòðàíñòâà
(SO0(2, 1)× R, ρ2) ðàâíà γ2(t) = (C, v)(t), t ∈ R, ãäå v(t) = α2t,

C(t) =

 1 0 0
0 cosα2t − sinα2t
0 sinα2t cosα2t

 .



SU(1, 1) � îäíîñâÿçíàÿ íàêðûâàþùàÿ ãðóïïû Ëè SO0(2, 1);
äâóëèñòíîå íàêðûòèå Π : SU(1, 1)→ SO0(2, 1) ìîæíî çàäàòü òàê:

Π(A,B) =

(
A2

1 + A2
2 + B2

1 + B2
2 2(A1B2 − A2B1) 2(A1B1 + A2B2)

2(A1B2 + A2B1) A2
1 − A

2
2 − B

2
1 + B2

2 2(A1A2 + B1B2)
2(A1B1 − A2B2) 2(B1B2 − A1A2) A2

1 − A
2
2 + B2

1 − B
2
2

)
,

ãäå

A1 = Re(A), A2 = Im(A), B1 = Re(B), B2 = Im(B).

Òîãäà îòîáðàæåíèå

Π̃ : SU(1, 1)× R→ SO0(2, 1)× R, Π̃(A,B, v) = (Π(A,B), v),

åñòü äâóëèñòíîå íàêðûòèå ãðóïïû Ëè SO0(2, 1)× R ãðóïïîé Ëè
SU(1, 1)× R.
Äèôôåðåíöèàë dΠ̃(Id) � èçîìîðôèçì àëãåáð Ëè su(1, 1)⊕ R è
so(2, 1)⊕ R, ïåðåâîäÿùèé áàçèñ E1, E2, E3, E4 àëãåáðû Ëè
su(1, 1)⊕ R â îäíîèìåííûé áàçèñ àëãåáðû Ëè so(2, 1)⊕ R. Â ñèëó
òåîðåì 1, 2, Π̃ : (SU(1, 1)× R, di)→ (SO0(2, 1)× R, ρi) � ëîêàëüíàÿ
èçîìåòðèÿ, è äëÿ ëþáûõ (α1, α2, α3) ∈ S2, β, t ∈ R âûïîëíåíî

Π̃(γ̃i(α1, α2, α3, β; t)) = γi(α1, α2, α3, β; t), i = 1, 2.



Ïðåäëîæåíèå 10.

Ïóñòü

w1 =
√

(α2 + β)2 + α2
2 − 1, w2 =

√
β2 + α2

2 − 1.

1. Ïðè α2 = ±1 èëè α2 6= ±1, w2
i ≤ 0 ãåîäåçè÷åñêèå

γ̃i(t) = γ̃i(α1, α2, α3, β; t) ñóáðèìàíîâà ïðîñòðàíñòâà
(SO0(2, 1)× R, ρi) íå ñîäåðæàò ñîïðÿæåííûõ òî÷åê.
2. n�îå ñîïðÿæåííîå âðåìÿ tnconj âäîëü ãåîäåçè÷åñêîé γ̃i(t), ãäå
α2 6= ±1 è wi > 0, â (SO0(2, 1)× R, ρi), èìååò âèä

t2m−1conj = 2πm/wi, t2mconj = 2xm/wi, m ∈ N,

ãäå {x1, x2, . . . } � óïîðÿäî÷åííûå ïî âîçðàñòàíèþ ïîëîæèòåëüíûå
êîðíè óðàâíåíèÿ tgx = x.

3. Ïåðâàÿ êàóñòèêà Conj1i ñóáðèìàíîâà ïðîñòðàíñòâà
(SO0(2, 1)× R, ρi), i = 1, 2, èìååò âèä

Conj1i =

{
(C, v)

∣∣∣∣ C =

(
1 0 0
0 cosψ − sinψ
0 sinψ cosψ

)
, ψ ∈ (0, 2π), v ∈ R

}
.



Ïðåäëîæåíèå 11.

1. Ïðè α2 = ±1 ãåîäåçè÷åñêàÿ γ̃i(t) = exp(tα2e2), t ∈ R, ñóáðèìàíîâà
ïðîñòðàíñòâà (SO0(2, 1)× R, di) � ìåòðè÷åñêàÿ ïðÿìàÿ, ò.å. äëÿ
ëþáûõ t0, t1 ∈ R îòðåçîê γ̃i(t), t0 ≤ t ≤ t1, � êðàò÷àéøàÿ.

2. Ãåîäåçè÷åñêàÿ γ̃1(t) = γ̃1(ϕ0, α2,−α2; t), t ∈ R, ñóáðèìàíîâà
ïðîñòðàíñòâà (SO0(2, 1)× R, d1) � ìåòðè÷åñêàÿ ïðÿìàÿ.

3. Ãåîäåçè÷åñêàÿ γ̃2(t) = γ̃2(ϕ0, α2, 0; t), t ∈ R, ñóáðèìàíîâà
ïðîñòðàíñòâà (SO0(2, 1)× R, d2) � ìåòðè÷åñêàÿ ïðÿìàÿ.



Ïðåäëîæåíèå 12.

Ìíîæåñòâî ðàçðåçà Cut2 â (SO0(2, 1)× R, ρ2), ñîîòâåòñòâóþùåå Id,

åñòü Cut2 = Cutloc2 ∪ Cutglob2 , ãäå

Cutloc2 = {Π̃(A, 0, v) | (A, 0, v) ∈ SU(1, 1)×R, A 6= ±1, B = 0, v ∈ R}

=
{

(C, v) ∈ SO0(2, 1)× R
∣∣∣ C =

(
1 0 0
0 cosψ − sinψ
0 sinψ cosψ

)
, ψ ∈ (0, 2π), v ∈ R

}
,

Cutglob2 = {Π̃(A,B, v) | (A,B, v) ∈ SU(1, 1), Re(A) = 0, B 6= 0, v ∈ R}

= {(C, v) ∈ SO0(2, 1)× R | c21 = −c12, c31 = −c13,

c23 = c32, c22 + c33 < −2, v ∈ R} .



Ïðåäëîæåíèå 13.

Ìíîæåñòâî ðàçðåçà Cut2 â (SO0(2, 1)× R, ρ1), ñîîòâåòñòâóþùåå Id,

åñòü Cut2 = Cutloc2 ∪ Cutglob2 , ãäå

Cutloc1 =
{

(C, v) | C =
(

1 0 0
0 cosψ − sinψ
0 sinψ cosψ

)
, v ∈ R, ψ 6= v + 2πn, n ∈ Z

}
;

Cutglob1 =
{

(C∗, v) | C∗ =
(

c11 c12 cos v + c13 sin v c13 cos v − c12 sin v
c21 c22 cos v + c23 sin v c23 cos v − c22 sin v
c31 c32 cos v + c33 sin v c33 cos v − c32 sin v

)
,

C = (cij) ∈ SO0(2, 1), c21 = −c12, c31 = −c13,

c23 = c32, c22 + c33 < −2, v ∈ R} .



Òåîðåìà 9. Íåïðîäîëæàåìûå êðàò÷àéøèå â (SO0(2, 1)× R, ρ2)

Ïóñòü α2 6= ±1, β 6= 0 è γ2(t) = γ2(α1, α2, α3, β; t), 0 ≤ t ≤ T , �
íåïðîäîëæàåìàÿ êðàò÷àéøàÿ â (SO0(2, 1)× R, ρ2). Òîãäà

1. Åñëè 0 < |β|√
1−α2

2

< 1, òî T ∈
(
π
|β| ,

2π
|β|

)
è óäîâëåòâîðÿåò ñèñòåìå

óðàâíåíèé

cos
|β|T

2
= − |β|sh(T

√
1− α2

2 − β2/2)√
(1− α2

2)ch2(T
√

1− α2
2 − β2/2)− β2

,

sin
|β|T

2
=

√
1− α2

2 − β2ch(T
√

1− α2
2 − β2/2)√

(1− α2
2)ch2(T

√
1− α2

2 − β2/2)− β2

.

2. Åñëè |β|√
1−α2

2

= 1, òî T ∈
(
π
|β| ,

2π
|β|

)
è óäîâëåòâîðÿåò ñèñòåìå

óðàâíåíèé

cos
βT

2
= − βT/2√

1 + β2T 2/4
, sin

βT

2
=

1√
1 + β2T 2/4

.



3. Åñëè 1 < |β|√
1−α2

2

< 2√
3
, òî T ∈

(
π
|β| ,

2π
|β|

)
è óäîâëåòâîðÿåò ñèñòåìå

óðàâíåíèé

cos
|β|T

2
= − |β| sin(T

√
α2
2 + β2 − 1/2)√

β2 − (1− α2
2) cos2(T

√
α2
2 + β2 − 1/2)

,

sin
|β|T

2
=

√
α2
2 + β2 − 1 cos(T

√
α2
2 + β2 − 1/2)√

β2 − (1− α2
2) cos2(T

√
α2
2 + β2 − 1/2)

.

4. Åñëè |β|√
1−α2

2

= 2√
3
, òî T = 2π

|β| .



5. Åñëè 2√
3
< |β|√

1−α2
2

< 3√
5
, òî T ∈

(
2π
|β| ,

3π
|β|

)
è óäîâëåòâîðÿåò

ñèñòåìå óðàâíåíèé

cos
|β|T

2
= − |β| sin(T

√
α2
2 + β2 − 1/2)√

β2 − (1− α2
2) cos2(T

√
α2
2 + β2 − 1/2)

,

sin
|β|T

2
=

√
α2
2 + β2 − 1 cos(T

√
α2
2 + β2 − 1/2)√

β2 − (1− α2
2) cos2(T

√
α2
2 + β2 − 1/2)

.

6. Åñëè |β|√
1−α2

2

≥ 3√
5
, òî T = 2π√

β2+α2
2−1

.



Ïðåäëîæåíèå 14.

Äëÿ ëþáîãî (C, v) ∈ SO0(2, 1)× R

ρ1(Id, (C, v)) = ρ2(Id, (C̃, v)),

C̃ =

 c11 c12 cos v − c13 sin v c13 cos v + c12 sin v
c21 c22 cos v − c23 sin v c23 cos v + c22 sin v
c31 c32 cos v − c33 sin v c33 cos v + c32 sin v

 .

Ïðåäëîæåíèå 15.

Äëÿ ëþáîãî (C, v) ∈ SO0(2, 1)× R

ρ22(Id, (C, v)) = v2 + ρ22(Id, (C, 0)).



ÁÎËÜØÎÅ ÑÏÀÑÈÁÎ ÇÀ ÂÍÈÌÀÍÈÅ!


