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Äîêëàä ñîäåðæèò íåñêîëüêî ðåçóëüòàòîâ î ðàçðåøèìîñòè ïðîáëåìû âõîæ-
äåíèÿ â ðàöèîíàëüíûå ìíîæåñòâà íèëüïîòåíòíûõ ãðóïï è èõ åñòåñòâåííûå
ïîäìíîæåñòâà, ïîëó÷åííûå àâòîðîì çà ïîñëåäíèå äâà ãîäà.

Ïîíÿòèå ðàöèîíàëüíîãî ìíîæåñòâà ÿâëÿåòñÿ åñòåñòâåííûì îáîáùåíèåì
ïîíÿòèÿ ðåãóëÿðíîãî ìíîæåñòâà, îäíîãî èç îñíîâíûõ â òåîðèè èíôîðìàöè-
îííûõ ñèñòåì.

Ïî îïðåäåëåíèþ ñåìåéñòâî ðàöèîíàëüíûõ ìíîæåñòâ Rat(G) ãðóïïû G
ÿâëÿåòñÿ íàèìåíüøèì ñåìåéñòâîì, ñîäåðæàùèì âñå êîíå÷íûå ïîäìíîæå-
ñòâà è çàìêíóòûì îòíîñèòåëüíî ðàöèîíàëüíûõ îïåðàöèé

• îáúåäèíåíèÿ: R1, R2 ∈ Rat(G) ⇒ R1 ∪R2 ∈ Rat(G);

• óìíîæåíèÿ: R1, R2 ∈ Rat(G) ⇒ R1 · R2 = {r1r2 : r1 ∈ R1, r2 ∈ R2} ∈
Rat(G);

• ïîðîæäåíèÿ ïîäìîíîèäà: R ∈ Rat(G) ⇒ R∗ = ∪∞i=1R
i ∪ {1} ∈ Rat(G).

Ïðèìåðàìè ðàöèîíàëüíûõ ìíîæåñòâ ÿâëÿþòñÿ êîíå÷íî ïîðîæäåííûå (è
òîëüêî êîíå÷íî ïîðîæäåííûå) ïîäãðóïïû è êîíå÷íî ïîðîæäåííûå ïîäìî-
íîèäû. Â îáùåì ñëó÷àå ñåìåéñòâî Rat(G) íå çàìêíóòî îòíîñèòåëüíî îïå-
ðàöèé ïåðåñå÷åíèÿ è äîïîëíåíèÿ. Îáùèå ñâåäåíèÿ î ðàöèîíàëüíûõ ìíîæå-
ñòâàõ ãðóïï ìîæíî íàéòè â ñòàòüå [R. H. Gilman, �Formal Languages and
In�nite Groups, Geometric and computational perspectives on in�nite groups�,
In: DIMACS, Ser. Discrete Math. Theor. Comput. Sci. 25, Providence, 1996, 27�
51] è ìîíîãðàôèè àâòîðà [Â. À. Ðîìàíüêîâ, �Ðàöèîíàëüíûå ïîäìíîæåñòâà
â ãðóïïàõ�. ÎìÃÓ, Îìñê, 2014, 176 ñ.].

Ïðåäñòàâèì íåêîòîðûå ðàíåå èçâåñòíûå ðåçóëüòàòû.
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• Â. À. Ðîìàíüêîâ, 1999. Äëÿ ëþáîãî l ≥ 2 è äîñòàòî÷íî áîëüøîãî r â
ñâîáîäíîé íèëüïîòåíòíîé ãðóïïå Nr,l ðàíãà r ñòóïåíè l íåðàçðåøèìà
ïðîáëåìà âõîæäåíèÿ â ðàöèîíàëüíûå ïîäìíîæåñòâà. Äîêàçàòåëüñòâî
îñíîâûâàåòñÿ íà íåðàçðåøèìîñòè 10-é ïðîáëåìû Ãèëüáåðòà

• M. Lohrey, B. Steinberg, 2011. Ñâîáîäíàÿ ìåòàáåëåâà ãðóïïà Mr ðàí-
ãà r ≥ 2 ñîäåðæèò êîíå÷íî ïîðîæäåííûé ïîäìîíîèä ñ íåðàçðåøèìîé
ïðîáëåìîé âõîæäåíèÿ. Äîêàçàòåëüñòâî îñíîâûâàåòñÿ íà íåðàçðåøèìî-
ñòè ïðîáëåìû êîìáèíàòîðíîãî çàìîùåíèÿ.

Îòíîñèòåëüíî äðóãèõ ìíîãî÷èñëåííûõ ðåçóëüòàòîâ ïî ïðîáëåìå âõîæ-
äåíèÿ â ðàöèîíàëüíûå ïîäìíîæåñòâà ãðóïï ñì. îáçîð * [M. Lohrey, �The
rational subset membership problem for groups: a survey�, In: Groups St Andrews
2013, Edited by C. M. Campbell, M. R. Quick, E. F. Robertson, C. M. Roney-
Dougal, Publisher: Cambridge University Press, 2015, 368�389].

Îñíîâíûå ïðåäñòàâëÿåìûå ðåçóëüòàòû.

• Äëÿ ëþáîãî l ≥ 3 ñóùåñòâóåò êîíå÷íî ïîðîæäåííûé ïîäìîíîèä M
ñâîáîäíîé íèëüïîòåíòíîé ãðóïïû Nr,l äîñòàòî÷íî áîëüøîãî ðàíãà r,
ïðîáëåìà âõîæäåíèÿ â êîòîðûé àëãîðèòìè÷åñêè íåðàçðåøèìà.

� Ðåøåíèå èçâåñòíîé ïðîáëåìû Ì. Ëîðè è Á. Ñòåéíáåðãà, ÿâíî ñôîð-
ìóëèðîâàííîé êàê ïðîáëåìà 24 èç îáçîðà Ì. Ëîðè *. Îïóáëèêîâàíî
[Â.À. Ðîìàíüêîâ, Íåðàçðåøèìîñòü ïðîáëåìû âõîæäåíèÿ â ïîäìîíîèä
ñâîáîäíîé íèëüïîòåíòíîé ãðóïïû ñòóïåíè l ≥ 2 äîñòàòî÷íî áîëüøî-
ãî ðàíãà. Èçâåñòèÿ ÐÀÍ. Ñåðèÿ ìàòåìàòè÷åñêàÿ. Òîì 87, �4 (2023),
166-185].

• Äëÿ äîñòàòî÷íî áîëüøîãî n ∈ N ïðÿìàÿ ñòåïåíü H̃ = Hn ãðóïïû Ãåé-
çåíáåðãà H ñîäåðæèò êîíå÷íî ïîðîæäåííûé ïîäìîíîèä M , ïðîáëåìà
âõîæäåíèÿ â êîòîðûé íåðàçðåøèìà.

� Îòâåò íà âîïðîñ èç ñòàòüè [T. Colcombet, J. Ouaknine, P. Semukhin, J.
Worrell, On reachability problems for low dimensional matrix semigroups
In: C. Baier (ed.) et al., 46th International Colloquium on Automata,
Languages, and Programming (ICALP 2019), LIPIcs, 132, Schloss Dagstuhl
� Leibniz-Zentrum für Informatik, Dagstuhl, Germany, 2019, 44:1�44:15].
Îïóáëèêîâàíî [V.A. Roman'kov, Undecidability of the submonoid membership
problem for a su�ciently large �nite direct power of the Heisenberg group.
Ñèáèðñêèå Ýëåêòðîííûå Ìàòåìàòè÷åñêèå Èçâåñòèÿ, Òîì 20:1 (2023),
293-305].

• Äëÿ ëþáîé êîíå÷íî ïîðîæäåííîé íèëüïîòåíòíîé ãðóïïû ñòóïåíè 2
ïðîáëåìà âõîæäåíèÿ â ïðîèçâåäåíèå äâóõ ïîäãðóïï ðàçðåøèìà. Ñó-
ùåñòâóåò êîíå÷íî ïîðîæäåííàÿ íèëüïîòåíòíàÿ ãðóïïà ñòóïåíè 2 è
ïðîèçâåäåíèå 4-õ åå ïîäãðóïï, ïðîáëåìà âõîæäåíèÿ â êîòîðîå íåðàç-
ðåøèìà.

� Îòâåò íà óñòíûé âîïðîñ Ý. Âåíòóðû. Íàïðàâëåíî äëÿ îïóáëèêî-
âàíèÿ [Vitaly Roman'kov, On decidability of the product of subgroups
membership problem for nilpotent groups. Journal of Group Theory].
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Î äîêàçàòåëüñòâàõ. Ðåçóëüòàòû î íåðàçðåøèìîñòè ïîëó÷åíû ÷åðåç
èíòåðïðåòàöèþ äèîôàíòîâûõ óðàâíåíèé è íåðàçðåøèìîñòü 10-é ïðîáëåìû
Ãèëüáåðòà.

Î ñâÿçÿõ. Ïðîáëåìà âõîæäåíèÿ â ïîäìîíîèä ÿâëÿåòñÿ îáîáùåíèåì îä-
íîé èç êëàññè÷åñêèõ çàäà÷ ëèíåéíîãî ïðîãðàììèðîâàíèÿ. Ñì. ìîíîãðàôèþ
[F. Bassino, I. Kapovich, M. Lohrey, A. Miasnikov, A. Nicaud, A. Nikolaev,
I. Rivin, V. Shpilrain, A. Ushakov, P. Weil, �Complexity and Randomness in
Group Theory: GAGTA BOOK 1�. Walter de Gruyter GmbH, Berlin, Boston,
2020, 386 p.]. Ñëó÷àé íèëüïîòåíòíûõ ãðóïï ðàññìàòðèâàåòñÿ êàê íàèáîëåå
èíòåðåñíûé, òàê êàê íèëüïîòåíòíûå ãðóïïû â îïðåäåëåííîì ñìûñëå áëèçêè
ê àáåëåâûì.

Ïðîáëåìà âõîæäåíèÿ â ïðîèçâåäåíèå äâóõ ïîäãðóïï ðàâíîñèëüíà ïðî-
áëåìå íåïóñòîòû ïåðåñå÷åíèÿ äâóõ ñìåæíûõ êëàññîâ ïî ðàçëè÷íûì ïîä-
ãðóïïàì. Òàêèå ïåðåñå÷åíèÿ èãðàþò ñóùåñòâåííóþ ðîëü â ðåøåíèÿõ ïðîáëå-
ìû èçîìîðôèçìà ãðàôîâ, ïðåäëîæåííûõ â çíàìåíèòûõ ðàáîòàõ Ë. Áàáàè
(L. Babai) è Þ. Ëþêñà (Y. Lux).
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